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Initial droplet distributions at the liquid core are examined for various Weber number and pulsing
conditions. While experimental investigation in the liquid core region is nearly impossible due to
difficulty in the optical access to the region, the distribution at the region is investigated
computationally, and typical droplet distributions are identified. It is found that the Nukiyama–
Tanasawa and log-normal distributions can best describe the droplet size and velocity distributions,
respectively. By comparing computational results obtained at the liquid core 共0 ⬍ x ⬍ 8 mm兲 and
experimental data collected at x = 48 mm, it is suspected that the droplet gradation occurs
immediately after droplets are separated from the liquid core. Thus, the distribution shape changes
rapidly in both axial and radial directions. Such droplet–gradation behavior is numerically
confirmed when the Nukiyama–Tanasawa droplet size distribution is used as an initial condition for
the stochastic separated flow model. When the jet velocity is increased, the width of the droplet-size
distribution becomes narrower, while the droplet velocity distribution becomes broader. Possible
physical mechanism for that behavior is discussed in detail. Pulsing injection prominently influences
the external spray shape near the nozzle exit. However, the overall droplet size and velocity
distributions of the liquid core due to the pulsing injection are relatively insignificant for a turbulent
spray in the atomization regime. © 2005 American Institute of Physics.
关DOI: 10.1063/1.1852577兴
I. INTRODUCTION

To conduct liquid spray simulations, it is necessary to
provide an appropriate initial droplet-size distribution characterization. Since the distribution at the liquid core is generally unknown, one typically chooses a certain distribution
function 共i.e., Gaussian, log-normal, Rosin–Rammler, and
Nukiyama–Tanasawa, etc.兲 for the initial condition and estimates the required parameters. While this approach to prescribing the initial conditions is common, it is well known
that simulations are sensitive to the selected initial conditions. For example, smaller droplets tend to transfer mass,
momentum, and heat to the surrounding gas more rapidly,
and a distribution that overestimates the number of small
droplets is more likely to overestimate initial transfer rates.
Naturally, an overestimate of the number of large droplets
would have the opposite effect. A similar series of consequences would hold if droplet–droplet collision were significant: The droplet number per unit mass is much greater given
a distribution weighted towards larger droplets, and this
would result in substantially more droplet collisions. Because droplet evolution depends strongly on the droplet size,
the size distribution plays an important role in providing optimum operating conditions for numerous industrial applications 共i.e., inkjet printer, agricultural sprays, internalcombustion engine, and fire suppression, etc.兲.
Among the existing distribution functions, the Rosin–
Rammler and the log-normal distributions are used frequently because of their simple mathematical expressions
a兲
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with parameters easily adjusted to fit the experimental data.
More complicated distribution functions 共such as Nukiyama–
Tanasawa and log-hyperbolic兲 are known to fit the experimental data more effectively1–4 because these distribution
functions have more degrees of freedom controlling the distribution shape, as more adjustable constants are involved.
All of these distribution shapes are realistically asymmetric,
allowing matching of some widely known experimental
data.5
Predicting droplet sizes in liquid jets has been of great
interest to the atomization community because of the aforementioned importance. Numerous linear theories6–11 have
achieved notable success predicting the dominant instability
wavelengths and, thus, the arithmetic mean diameter. Generally, these linear theories work well for low-velocity laminar
jets. For high-velocity turbulent jets, the linear theories often
are empirically reformulated to predict the most accurate
droplet size. However, these empirical extrapolation techniques require relevant experimental data. In addition, measurements are thus far limited to the optically accessible region somewhat downstream of the liquid core.
Measurements within the liquid core of a turbulent spray are
nearly impossible because optical access is obscured. Some
authors12–16 attempted to model the initial droplet distribution using the maximum entropy principle 共MEP兲. Their
newly formulated distributions were applied to spray simulators 关i.e., KIVA 共Ref. 17兲兴, and their computational results
were in good agreement with experimental data at a certain
downstream location. It should be warned that one should
not underestimate the consequence of some flow physics
共which we will prove and demonstrate in this paper兲 imme-
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FIG. 1. Liquid core simulation by Park, Yoon, and Heister 共Ref. 25兲. Courtesy of Park et al. 共Ref. 25兲.

diately after droplets are pinched-off and separated from the
liquid slug 共or core兲; droplet distribution may change from
the nozzle exit to a certain downstream location. Since the
authors12–16 had not truly investigated nor compared the
droplet distribution at the liquid core, their newly developed
distribution functions had not been truly validated and, therefore, the size distribution using the MEP is applicable only in
a certain downstream location. We attempt to remove these
uncertainties in the previous work12–16 by “directly” simulating the production of the droplet size and velocity at the
liquid core; no empirically based scaling constant is used to
predict droplet characteristics.
In the present work, we employ the computational methods of Yoon and Heister18 to directly predict the droplet size
and velocity distributions resulting from the initial liquid
core breakup. The computational method also provides surface structures of the spray liquid core, while its shape is still
unknown despite the current effort of using the state-of-the
art x-ray technique.19–24 The capability of the computational
method is briefly demonstrated in Fig. 1. Results of these
predictions are compared with measurements a short distance
downstream of the initial breakup to identify the flow physics after the droplet separation from the liquid core. The
differences indicate key physics occurring in the initial development of the spray. The predicted droplet size distributions also are compared with the typically selected
presumed-shape droplet distributions. Variation of the droplet size distribution with Weber number and the effects of
periodic forcing of the initial liquid jet also are examined. In
this paper, we attempt to identify and characterize droplet
distributions 共in both size and velocity兲 associated with the
liquid core breakup. The resulting probability density functions 共PDF兲 of the droplet size and velocity are examined at
various Weber numbers. The role of periodic disturbances in
the liquid core flow also is examined. Computational results
are compared with extrapolated experimental data of Yoon et
al.2 Once these initial PDFs of the liquid core are identified,
we apply the initial conditions to a Lagrangian droplet tracking model to observe the behavior of the droplet dynamics
over the computational domain. Several important characteristics of the droplet launching mechanism, as well as external
spray flow physics, are identified.
II. MODELING THE LIQUID CORE BREAKUP

Evolution of the liquid jet is simulated from the point
when the liquid leaves a cylindrical pipe through develop-

ment of instabilities, the breakup of liquid elements into axisymmetric rings, and finally into individual droplets. A
boundary-element-method 共BEM兲 is described in this section
to model the liquid evolution through the point when individual rings of liquid separate from the central liquid core.
Modeling of the secondary breakup is described in the following section.
Reference 18 provides a complete description of the
model regarding the liquid core breakup; in the interest of
brevity, only highlights are presented. Formulation of the
BEM starts with the integral representation of Laplace’s
equation, ⵜ2 = 0, with  being the velocity potential under
an assumption that fluids are inviscid and incompressible.
Following Liggett and Liu,26 the integral equation for this
Laplace equation is

␣共rជi兲 +

冕冋
S



册

G
− qG ds = 0,
n̂

共1兲

where 共rជi兲 is the value of the potential at a point rជi, S is the
boundary of the two-dimensional 共2D兲 domain, ␣ is the singularity contribution of the boundary point, and G is the free
space Green’s function corresponding to Laplace’s equation.
Linear elements are assumed for the velocity potential, ,
and its normal velocity, q =  / n. Jet injection velocity 共U兲,
the orifice radius 共a兲, and liquid density 共兲 are used as nondimensional parameters.
The unsteady Bernoulli equation is used as the boundary
condition along a free-surface interface as follows:
Bo
 1

+ 兩 ⵜ  t兩 2 + P g +
−
z = 0,
t 2
We We

共2兲

where t represents the total value for , Pg is the gas pressure,  is the curvature of the free surface, and the Weber and
Bond numbers are
We =

 U 2a
,


Bo =

ga2
.


共3兲

A more general solution can be obtained through the
principle of superposition for potential flow. Since the Laplacian governing equation is linear, we may superimpose
the potential flow with the potential vortex ring as shown in
Fig. 2. Thus,

t =  + v .

共4兲

Since the differential operator is a linear function, the superposition theory holds for the velocity as well. Thus,
u t = u + u v,

vt = v + vv ,

共5兲

where u =  / z and v =  / r. An analytical solution for the
vortex ring-induced velocities, 共 兲v, is available.18 Applying
the Reynolds transport theorem to Eq. 共2兲 and combining the
theory of superposition gives the following nonlinear boundary condition for the free surface:
Bo
D 1 2

z.
= 兩uជ t兩 − uជ t · uជ v − Pg −
+
Dt 2
We We

共6兲

Due to the nature of elliptical partial differential equation, a
matrix of the governing equation in Eq. 共1兲 is fully dense,
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r̄* =

n
.
n+1

共9兲

Hinze27 indicates that n = 7 is applicable for a wide range of
Reynolds number for the fully developed turbulent flow; n
= 7 is used for our studies; thus, r̄* = 0.875.
B. Vortex ring strength

For all simulations, the strength of the imposed vorticity,
which imposes vortical velocities shown in Eq. 共5兲, is based
on circulation across the boundary layer for fully developed
turbulent pipe flow. The most dominant wavelength caused
by boundary-layer instability is used for approximating the
circulation of the vortex ring at the nozzle exit.18 Thus,
共10兲

⌫v = U.

FIG. 2. Comparing the actual physical flow condition with the superposition
model simulating boundary layer relaxation downstream of the orifice’s exit
plane.

The boundary layer wave is approximated using the
Brennen28 theory,  = 共2 / ␥兲␦2, where ␥ = 0.175, and ␦2 is
the momentum thickness of the turbulent flow. The momentum thickness, ␦2,29 is evaluated analytically using the
power-law velocity profile of Eq. 共7兲. Thus,

冕 冉 冊
r=a

␦2 =

1−

r=0

and, thus, the computational cost is timely expensive. In addition, simulation of the growing jet requires continuously
implementing the computational node on the liquid surface.
For these reasons, a parallel matrix solver is utilized.

III. INITIAL CONDITIONS AT THE NOZZLE EXIT

The vortex ring is located radially at the vorticity centroid determined as follows. Assuming a power-law turbulent
velocity profile,27 the velocity profile can be expressed as
共7兲

where u* = u / U, U is the center-line velocity, r* = r / a, and r is
an axis starting from the center line 共r = 0兲 to the wall 共r
= a兲. The centroid definition 共i.e., r̄* = 兰10r* du* / 兰10du*兲 yields
the following for the vorticity centroid, r̄*:
1
n

冕

1

r*共1 − r*兲共1/n兲−1 dr* ,

Fluctuations in the initial velocity field play a significant
role in initiating instabilities once fluid leaves the nozzle. To
provide an impetus for these instabilities, the mean jet velocity is pulsed sinusoidally with a small amplitude, A, according to
U = U0关1 + A sin共t兲兴,

A. Vortex ring location

r̄* =

where n = 7, and, thus, ␦2 / a ⬇ 0.07. This value is in agreement with Salami’s30 experimental and analytical studies.
Salami also found the asymptotic behavior of the momentum
thickness at ␦2 / a ⬇ 0.07 for the fully developed, turbulentpipe flow.
C. Pulsation due to turbulence

The BEM simulations begin at the exit plane of a nozzle.
It is assumed that turbulent pipe flow exists in the nozzle
approaching the exit plane. The boundary-layer circulation
associated with this flow is imposed on the BEM simulation
in the form of discrete vortex rings of a circulation corresponding to the boundary layer as indicated in Fig. 2.

u*共r*兲 = 共1 − r*兲1/n ,

3n2
u ru
dr =
a, 共11兲
U aU
2共2 + 7n + 7n2 + 2n3兲

共8兲

0

where the integral term can be evaluated in terms of the beta
function. Simplification gives the centroid

共12兲

where U0 is the nominal center-line velocity, and  is the
angular frequency. The selected angular frequency corresponds to the dominant wavelength for boundary-layer instabilities,  = 共2 / ␥兲␦2 = 2.45a or a / Uo = 0.816.28 This frequency was selected because velocity fluctuations are
expected to be predominantly initiated by boundary-layer instability within the pipe.31 In these relations, ␦2 is the
boundary-layer momentum thickness. The dominant wavelength corresponding to boundary-layer instability differs by
noninteger factors from that of the Kelvin–Helmholtz instabilities that drive subsequent fluctuation growth. Smaller
scale fluctuations at these frequencies are not expected to
strongly affect the flow evolution. In Sec. VII, we will show
that the droplet distribution results are insensitive to the amplitude and frequency of the initial velocity fluctuations for
amplitudes that are an order of magnitude greater and more.
The results presented in Sec. VI employ A = 0.01.
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FIG. 3. Secondary instability model using Ponstein’s linear theory 共Ref. 6兲.

Wer = u2t ar/,

IV. MODELING THE SECONDARY INSTABILITY

While the BEM portion of the model is based on an
axisymmetric formulation, atomization is a threedimensional 共3D兲 phenomenon. The BEM portion of the
model results in pinch-off is not of a droplet, but of a vortex
ring with circulation around the ring surface, which is sufficient to cause instability in the circumferential direction. In
reality, this is a 3D secondary instability that occurs before
the vortex-ring pinch-off. The current model assumes droplets are formed from a secondary instability on annular ligaments shed from the jet periphery, as shown in Fig. 3. This
modeling amounts to decoupling primary 共2D兲 and secondary instability 共3D兲, which permits an axisymmetric analysis
of the jet itself. This type of ring analysis, which decouples
the dimensionality between an axisymmetric ring and 3D
“fingerlike” droplets, often is used to predict the number of
droplets 共or “fingers”兲 generated in the azimuthal
direction.18,32–34 Mehdizadeh et al.34 confirms, analytically
and experimentally, validation of the applicability of the
Rayleigh–Taylor instability theory 共based on linear analysis兲
for predicting the number of “fingers” around the ring edge.
Mehdizadeh et al.34 found the fastest growing wave in the
circumferential direction as a function of Weber number.
Kim et al.32 assumed an immediate production of droplets
from the ring, whose assumption was justified based on the
experimental observations of Range and Feuillebois.35 We,
too, apply a similar methodology of Kim et al.32 and Mehdizadeh et al.34 using the Ponstein’s linear theory6 to predict
the fastest growing wave in the circumferential direction
around the ring edge for the liquid jet.
Ponstein’s6 linear analysis is used to describe instability
of the vortex ring. The most unstable wave number, k, is
found implicitly from the maximum growth rate, . In dimensionless form, the relationship between k and  is

*2 =

冋

冉 冊册

⌫r*
1 − k*2
+
Wer
2

2

k*

I1共k*兲
,
I2共k*兲

FIG. 4. Secondary instability model due to nonlinear effect.

共13兲

where * = ar / U, k* = kar ⌫r* = ⌫r / 共Uar兲, ar is the pinchedoff ring radius. I1共k*兲 and I0共k*兲 are modified Bessel functions of the first kind. Wer is the ring Weber number defined
as

ut = U + u⬘ ,

共14兲

where u⬘ is an instantaneous value of the fluctuating component of velocity modeled as a simple harmonic function,36
u⬘ = AU sin共2RN兲,

共15兲

where A is an amplitude coefficient, and A = 0.01, 0.10, 0.20,
and 0.40 for this study. Here the pulsation magnitude, A, is
the same parameter as in Eq. 共12兲 because it is assumed that
the turbulence intensity at the nozzle exit is proportionally
propagated to the vortex ring to induce instability. RN represents the random number designed to introduce randomness
in the droplet size distribution. The solution of Eq. 共13兲
yields the most unstable wave number 共kar兲, determining the
number of droplets 共N兲 resulting from the breakup of this
specific ring. The droplet diameter for all droplets, resulting
from the breakup of each ring, is distributed equally among
that many droplets.
It is noteworthy that a nonlinear instability analysis will
lead to multiple crests per wavelength37,38 and subsequent
smaller satellite drops as indicated in Fig. 4. In the present
work, we ignore the nonlinear effect of this sort. As a consequence, we expect to underestimate the number of smaller
droplets. We will address this issue beginning in Sec. VI.
V. EXPERIMENTS

For model evaluation, a water spray was produced using
a converging nozzle manufactured by Spraying Systems Co.,
Wheaton, IL.2 The internal converging angle was approximately 40 degrees, and followed by a constant-diameter section 3.31 mm in length. Multiple vanes were installed inside
the nozzle, enhancing turbulence mixing. This water spray
was directed horizontally, with a liquid core velocity of
Uinj = 80 m / s, a diameter of d = 2 mm, a mass flow rate of
ṁ = 0.25 kg/ s, and a liquid and surrounding air temperature
of T = 300K. A photograph of this high-pressure water spray
is shown in Fig. 5.
For a high velocity jet, turbulent spray measurements of
droplet velocity and size were extremely difficult to obtain
near the liquid core. The length of the liquid core was relatively short for these turbulent sprays, leading to a dense,
initial droplet field that obscured optical access to the spray’s
interior. This feature made the present phase Doppler particle
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TABLE II. Experimental data collected at various axial locations.a
x 共mm兲

0

⌬y 共mm兲
D10 共m兲

1

20

90

125

170

40.63

46.85

72.39

79.66

71.60

D32 共m兲
D32 / D10
q

75.78
1.865
1.496

83.49
1.782
1.576

90.77
1.254
2.910

117.71
1.478
2.050

119.41
1.668
1.712

48

250

480

810

Nozzle diameter is d = 2 mm. At nozzle exit 共x = 0 mm兲, both D10 and D32
are extrapolated.
a

FIG. 5. Experimental image of near field view of water jet in the atomization regime 共Ref. 2兲.

analyzer 共PDPA兲 measurements virtually impossible in the
near field. For this reason, experimental data were collected
downstream of the spray nozzle at x = 48 mm= 24d. Experimental data include average droplet size 共D10兲, Sauter mean
diameter 共D32兲, and average droplet velocity 共UD兲. There are
uncertainties associated with each of these measurements.
Generally, the two variables 共D10 and UD兲 contain an error of
approximately 10%–15% according to our current PDPA experience.
The experimental data are summarized in Table I. It
shows data collected at five different radial locations 共i.e.,
y = 0, 5, 10, 15, and 20 mm兲 for x / d = 24. Several observations can be made from these experimental data. First, the
average droplet diameter 共D10兲 tends to be larger at larger
radii for each downstream location. The droplets are well
segregated radially at this downstream axial location, x / d
= 24. Thus, the size distribution width is narrower 共i.e., larger
dispersion coefficient, q兲 as the radial location increases.
This type of droplet gradation is due to different dynamic
behavior of small and large droplets and, to entrainment of
airflow. Second, the droplet velocity decreases at larger radii
as drag reduces it. While analysis for the experimental data is
concisely discussed in Ref. 2, the data are further explored
and investigated in Sec. VI.
In Table II, the experimental data collected at various
axial locations are summarized. Under the cone angle, approximately  ⬵ 15°, the width of the jet increases as the
axial location increases. Both D10 and D32 also grow with
increasing the axial location because of the gradual disappearance of the smaller droplets further downstream. Smaller
droplets have a tendency to quickly evaporate, and coalescence also causes a shift to larger droplet sizes downstream.
The rate at which D32 growth from x = 48 mm to x
TABLE I. Experimental data collected at downstream of the nozzle at x
= 48 mm= 24d for various radial 共y兲 locations.a

a

Radial location 共mm兲

y=0

y=5

y = 10

y = 15

y = 20

D10 共m兲
D32 共m兲

32.29
68.92

43.33
71.19

43.08
69.71

43.86
64.95

54.76
71.19

q

1.288

1.747

1.784

2.043

2.651

ŪD 共m兲

69.91

64.84

50.97

35.79

32.36

Note, nozzle diameter, d = 2 mm, jet velocity, Ujet = 80 m / s, and Weber
number, We= 87 193. Here, q was the dispersion coefficient defined in Sec.
IV. D32 represented Sauter mean diameter.

= 480 mm is greater than that of D10. This pattern indicates
the existence of relatively larger droplets dominating at a
downstream location as D32 is greatly affected by the larger
droplets 共i.e., D32 ⬀ D3 / D2兲. Evaporation plays a role in reducing D10 at x = 810 mm as surrounding air causes droplets
to quickly evaporate further downstream. Using the downstream data of Table II, the droplet data at the nozzle exit
共i.e., x = 0兲 are extrapolated. As this type of extrapolation
technique was previously shown to have merits in providing
initial conditions,2 the extrapolated arithmetic mean droplet
size, D10 = 40.63 m is used for spray simulations using the
SSF model. In addition, these extrapolated data will be compared with the prediction from the BEM liquid core model in
Sec. VI.
VI. LIQUID BREAKUP SIMULATIONS

Simulations of the liquid core breakup process, leading
to an initial distribution of droplet sizes and velocities, are
presented in this section, which focuses on the effect of the
Weber number on the droplet distributions. Subsequent sections will address the sensitivity of droplet distributions to
perturbations of the initial liquid core flow.
A. Droplet size and velocity distributions

The Weber number represents competition between the
dynamic force and surface tension force. It is well known
that the surface tension force plays an important role in stabilizing the low speed jet in the Rayleigh flow regime.11 At
relatively high speeds, dynamic forces become significant,
leading to instabilities and, therefore, the liquid jet breakup
occurs. The Weber number determines the balance between
these behaviors with larger initial Weber numbers generally
leading to smaller droplets in the end. This result is primarily
a function of the Weber number dependence on the jet velocity. For a greater jet velocity, the critical Weber number
below which breakup is unlikely occurs for a smaller droplet
diameter. In this manner, the droplet size and its distribution
共PDF兲 vary significantly depending on the jet velocity. Unfortunately, there are no reports on the PDF variation of the
droplet size and velocity at the liquid core region. In this
section, computed PDFs in the liquid core region are presented and compared with various presumed shape PDFs.
Simulations are conducted using the methods described
in Secs. II–IV with the initial jet Weber number, Eq. 共3兲,
taking on values of 10 000, 25 000, 50 000, and 87 193. The
latter Weber number, We= 87 193, corresponds to the experi-
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FIG. 6. Simulations of evolution of
the jet at various Weber numbers. Here
t* is a dimensionless time, defined as
t* = tU / a. In a given period of physical
time, the mass loss of the higher velocity jet 共i.e., We= 10 000⬍ 25 000
⬍ 50 000兲 is much greater. The physical time corresponded to t* = 7; t
= 0.259, 0.164, and 0.116 ms for We
= 10 000,
25 000,
and
50 000,
respectively.

mental measurements described in Sec. V. The liquid core
evolution is shown in Fig. 6 for the first three cases. Here,
t* = 7, is a dimensionless time, defined as t* = tU / a, which
corresponds to the physical time, t = 0.259, 0.164, and
0.116 ms for the Weber number of We= 10 000, 25 000, and
50 000, respectively. In terms of physical time, the case with
higher Weber number loses much more mass and, thus, more
droplets are launched. Naturally, a “thinner” liquid core is
shown as the higher mass flow rate with the given fluid and
fixed nozzle diameter. It is important to remember the jets
are pulsed with a pulsing magnitude of A = 0.01. Clearly, the
pulsing frequency has no significant effect on the jet surface
shape in the high-velocity regime under the given pulsing
magnitude, A = 0.01; no visible pulsed waves appear on the
free surface. Key results from these simulations are summarized in Table III; statistics in Table III are collected over
⌬t = 0.26 ms duration. The simulations capture the expected
reduction in the mean diameter with increasing Weber number or jet velocity.
Among many presumed-shape PDFs in the literature,4
we have chosen the three most popular distributions: the
Rosin–Rammler, log-normal, and Nukiyama–Tanasawa 共NT兲
models. These distributions are mathematically simple 共thus
practical to use兲 and have yielded reasonable results in the
past. The Rosin–Rammler distribution is defined as

冋 冉 冊册

D
qXq−1
exp −
f共D兲 =
Xq
X

X=

f共D兲 =

1

冑2*lnD

冋

exp −

关ln共D/Dln兲兴2
*2
2ln

册

共18兲

,

where *ln is the nondimensional standard deviation of the
logarithm of the diameter. Dln = exp关ln D兴 is the log-normal
TABLE III. Computational results under different Weber numbers.a
Cases

1

2

3

Yoon et al. 共Ref. 2兲

We

10 000

25 000

50 000

87 193

A

0.01

0.01

0.01

0.01

U 共m/s兲

27.02

42.72

60.42

80.00

ŪD 共m/s兲
⌬Ujet→D 共%兲

23.32

37.04

51.71

71.90

13.69

13.30

14.41

10.13

7.19

10.53

14.74

21.27

50.89

46.06

41.48

39.97

28.49
89.06

27.32
85.97

24.97
78.90

24.46
76.82

UD,rms 共m/s兲
D10 共m兲
D10,rms 共m兲
D32 共m兲
q
Ndrop

1.611

1.495

1.464

1.412

66 222

153 926

276 348

493 390

ṁdrop 共kg/s兲

0.0176

0.0303

0.0397

0.0635

ṁ 共kg/s兲

0.0845

0.1342

0.1898

0.2513

f共ṁ兲 = ṁ / ṁdrop

4.83

4.43

4.78

3.96

共16兲

where X and q are parameters determining the distribution
shape. The distribution can be shifted to larger or smaller
droplet sizes by varying X, which is related to the arithmetic
mean diameter, D10, as follows:

冉 冊

共17兲

The log-normal distribution is defined as

q

,

D10
.
1
⌫ +1
q

Note that nozzle diameter was d = 2 mm. Cross-sectional area, Ax = 
⫻ 10−6 m2. Statistical details were collected during the physical time, ⌬t
= 0.26 ms. Liquid was water, thus,  = 1000 kg/ m3.
a
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FIG. 7. Simulations of droplet-size distribution at various Weber numbers. 共a兲 We= 10 000, 共b兲 We= 25 000, 共c兲 We= 50 000, 共d兲 We= 87 193.

diameter defined as the exponent of the logarithm average.
Kuo and Corrsin39 provide the relation between Dln and D10,
Dln =

D10
.
*2
ln
exp
2

冋 册

共19兲

The NT distribution is defined as
f共D兲 = aD p expb− bDcc,

共20兲

where b, p, and c are adjustable parameters, and a is a normalizing factor defined as a = b共p+1兲/cc / ⌫关共p + 1兲 / c兴. Here, c
is arbitrarily taken to be fixed at c = 1, while the permissible
range of p and b are 2 艋 p 艋 5 and 0.08艋 b 艋 0.22, respectively.
In Fig. 7, the three presumed-shape PDFs for various
Weber numbers are compared with the droplet size PDF
from the liquid core model. For the presumed-shape PDFs,
the computed average droplet size, D10, from the liquid core
model is used for all presumed-shape PDFs input. For the
Rosin–Ramler distribution, the dispersion coefficient, q, is
obtained from the computed values of D10 and D32 共Table

III兲 using moments of the Rosin–Rammler droplet size distribution 关i.e., 兰⬁0 Dn f共D兲dD = Xn⌫共n / q + 1兲 in Ref. 40兴,

冉 冊
冉 冊冉 冊

3
+1
q
D32
=
.
f共q兲 =
1
2
D10
⌫ +1 ⌫ +1
q
q
⌫

共21兲

Similar methodology is applied for the log-normal and the
NT distributions to estimate relevant coefficients corresponding to the computed PDFs of the BEM liquid core model.
The presumed-shape PDFs are compared with the computed PDFs in Fig. 7. The agreement is found to vary depending on the particular fitting criteria selected. When the
distribution peak is matched 共as with the NT distribution兲,
the agreement with the majority of the droplets is observed
to be good, but the agreement is less suitable for the distribution tails. When the computed values of D10 and D32 are
used, the agreement of the tails of the PDF is greatly improved. A better agreement is found as jet velocity increases,
the probability of smaller droplets became higher because
the smaller length scale starts to dominate within the flow.
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FIG. 8. Simulations of droplet-velocity distribution at various Weber numbers. 共a兲 We= 10 000, 共b兲 We= 25 000, 共c兲 We= 50 000, 共d兲 We= 87 193.

For the wide range of Weber numbers 共i.e., 10 000⬍ We
⬍ 87 193兲, droplet size distributions are in reasonable agreement with the NT model, except the NT model neglects some
large droplets distribution in the lower-right region of the
computational results obtained using the BEM liquid core
model 共whose issue we will address in detail in Sec. VI C兲.
Other than that, their comparisons seem to be in good agreement. The log-normal model seems to be a reasonable approximation as well, except for the highest “peak” located in
the left 共or smaller size兲 side of the distributions. Overall, it
is reasonable to state that the NT and the log-normal distributions can best describe droplet size distribution at the liquid core for the wide range of Weber numbers.
Distributions for droplet velocity are shown in Fig. 8 for
the various Weber numbers. As jet velocity increases, the
distribution width becomes larger. It is because the length
scale associated with the primary atomization for the higher
jet velocity is multitudinous, while that of the lower jet velocity is mainly driven by one dominant length scale 共i.e.,
boundary layer instability兲. In addition, the larger velocity

fluctuation of droplets is due to the larger turbulence fluctuation at higher jet velocity 共see UD,rms in Table III兲. Overall, it
is fair to state that the log-normal model can satisfactorily
describe the velocity distribution for the wide range of Weber
numbers. Therefore, the log-normal distribution is recommended as an initial droplet velocity at the liquid core region.
In Fig. 9, the computational prediction for the arithmetic
mean droplet size, D10, from the BEM liquid core model is
compared with extrapolated experimental data. As shown,
the prediction of the BEM liquid core model for D10 is
within 2% error for the case We= 87 193. No scaling constant was used for our liquid core model. This excellent comparison is a strong evidence that boundary-layer instability
alone characterizes the droplet size distribution completely
for the water-into-air type spray. It is reminded that the BEM
liquid core model considers the boundary layer instability
only; no shear-layer driven 关i.e., Kelvin–Helmholtz 共KH兲
type兴 instability between the liquid and gas are taken into
account for the model. Contrary to traditional thought 共that is
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FIG. 9. The initial average droplet size 共D10兲 at the liquid core; experiment,
simulation, and the empirical formula.

KH type instability is greatly responsible in characterizing
droplet distribution兲, the intuitive thinking suggests there is
not enough room for an air to occupy in the liquid core
region, where the continuous slug of fluid becomes atomized
and generates countless numbers of droplets in the region.
This liquid core region is so dense that it almost acts as a
continuous fluid. Consequently, neither can air be trapped
substantially in the region, nor can it play some significant
role in causing the primary atomization.
Moreover, small amount of trapped air in the liquid core
region is moving at the launched droplet velocity due to
entrainment; thus, there is no relative velocity, Urel, between
the droplets and the air. In such case 共i.e., Urel ⬇ 0兲, KH
instability suggests that the growth rate is imaginary and,
therefore, the jet is unconditionally stable. Ironically, the KH
instability suggests that KH instability mechanism is not responsible for the atomization mechanism in the liquid core
region. Thus, some other instability mechanism must be
playing an important role, which we believe it is the boundary layer instability. Comprehensive reports on the boundary
layer instability as well as the shear-layer driven instability
are reviewed in Ref. 41. The empirical formula is constructed in Eq. 共22兲 using the similar technique of Wu et al.42
except we have adopted the boundary layer length scale of
Brennen,28

冉冊

C a
D10 =
We0.12 

0.12

,

共22兲

where the boundary layer wavelength,  = 共2 / ␥兲␦2 共 is in
the unit of meter兲 can be estimated using the Brennen’s28
most unstable dimensionless frequency of the boundary layer
separating flow, ␥ = 0.175. The adjustable constant is C
= 0.068 and a represents the nozzle radius. Note that D10 is in
the unit of meter. This empirical formula can be used to
estimate the initial average droplet size at the nozzle exit for
the turbulent spray of our nozzle type.
Summarizing statistical details from simulation results
obtained for various Weber numbers, Table III indicates that
the standard deviation of the droplet velocity rose with in-

FIG. 10. Comparison of the droplet velocity distribution at the center line
for the We= 87 193 case. 共a兲 Computational result at liquid core; ŪD
= 69.27 m / s. The dimensionless log-normal standard deviation *ln = 0.5 is
used. 共b兲 Experimental result at x = 48 mm at the center line 共y = 0 mm兲;
ŪD = 69.91 m / s. The dispersion coefficient q = 13.2 is used.

creasing the jet velocity. It is noteworthy that the droplet
velocity is about 10%–15% less than the jet velocity, which
seems consistent with the observation of Wu et al.42 for their
turbulent jet. Wu et al.42 found that the droplet velocity was
generally 15%–25 % less than the jet velocity near the
nozzle exit for a wide range of jet velocity. In the case of Wu
et al.,42 the droplets experienced drag while the droplet velocity of our computation is recorded as soon as the droplets
are separated from the liquid core. Thus, it is natural that
Wu’s droplet velocity was slightly smaller than that of our
computational result. A possible reason for the droplet velocity being less than the jet speed is that the vorticity interaction near the liquid jet surface retards the motion of turbulent
eddies.42 The local circulation, proportionally scales with the
local droplet velocity, generally is not large enough to induce
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FIG. 11. Experiment of the droplet velocity distribution at various radial locations 共i.e., y = 5, 10, 15, and 20 mm兲
at the axial location of x = 48 mm for
the We= 87 193 case. The Rosin–
Rammler model is used to compare
the experimental data. The corresponding dispersion coefficients are q
= 10.0, 4.5, 3.5, and 3.0 for y = 5, 10,
15, and 20 mm, respectively.

an added velocity on the droplets separated from the liquid
core unless the local circulation is enhanced by some external forcing source. In Sec. VII, we will show that the overall
droplet velocity can be larger than the jet velocity when a
periodic injection is enforced on the jet with sufficiently
larger fluctuation magnitude.
It is noteworthy that the variation of the Sauter mean
diameter 共D32兲 is not as significant as the arithmetic average
diameter, D10, as shown in Table III. It is perhaps due to the
gradual disappearance of larger droplets with increasing the
jet velocity 共see Fig. 7兲. In addition, the standard deviation
for the droplet size is decreasing at higher jet velocity, which
indicates that a certain small-length scale starts to dominate.
This kind of asymptotic behavior of the droplet characteristics with increasing jet velocity has widely been observed by
various authors.18,42
Table III shows that the droplet size became slightly
more dispersive 共i.e., smaller q兲 when the jet velocity increased. The f共q兲 and q were inversely proportional; the increase in f共q兲 resulted in a decrease of q. Thus, the larger
ratio of D32 and D10 indicates that the effect of larger droplets 共which led to more dispersive behavior of droplet statistics兲 became more prominent for the higher-velocity case.
Table III also shows that about one-half million droplets are
produced within about one-quarter millisecond for the We
= 87 193 case. While the relationship between the Weber
number and the droplet number, Ndrop, is nearly linear, the
relationship between the jet velocity 共U兲 and Ndrop is quadratic 共i.e., We⬀ U2兲. The mass flow rate, ṁdrop is estimated
using the collected droplet number and its value compared
with the total mass flow rate, ṁ. Their ratio, f共ṁ兲, which can
be regarded as dimensionless mass flow rate, indicates that
from 20%–25% of the total mass is lost due to droplet

launching at the time when the statistics are collected. Here,
the collected mass flow rate is defined as ṁdrop
3
= 共Davg
/ 6兲Ndrop / ⌬t, while the mass flow rate is ṁ = UAx.
B. Droplet gradation

Yoon et al.2 showed that droplet gradation occurs due to
the dynamic segregation of small and larger droplets in both
the axial and radial directions. Larger droplets are dispersed
by the spray initial cone angle and subsequent interactions
with turbulent eddies in the entrained air, while smaller droplets are generally swept toward the spray center line by aerodynamic drag interactions with the entrained air. In addition,
coalescence and evaporation phenomenon enhances the
droplet segregation process by favoring the presence of the
larger droplets. Coalescence event in upstream location increases the presence of larger droplets downstream. The
evaporation rate for small droplets is quicker than for larger
ones because the droplet evaporation is known to obey the
classical D2 law.43 As a result, the overall droplet size increases downstream. Thus, it is clear that all of these
multiphysics of flow contribute to the droplet gradation phenomenon. While the results of Yoon et al.2 support the droplet gradation phenomenon 共which occurs in the entire spray
region兲, our investigation focuses on droplet gradation, especially near the liquid core region. As mentioned earlier, optical access to the liquid core region using the current PDPA
technique is impossible, and, thus, the axial location x / d
= 24 at the center line 共y = 0 mm兲 was the closest to the
nozzle that we could approach. When the experimental data
obtained at the axial location x = 48 mm= 24d are compared
to computational results obtained at the liquid core 共approxi-
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mately, x ⬍ 8 or 10 mm兲, we confirm the droplet gradation
phenomenon, which occurs as soon as droplets are separated
from the liquid core.
Computational result for droplet velocity distributions at
the liquid core is shown in Fig. 10共a兲. The experimental data
obtained at x / d = 24 downstream at the center line 共y
= 0 mm兲 are shown in Fig. 10共b兲. This is another reminder
that the results in Figs. 10共a兲 and 10共b兲 are not obtained at
the same axial location since it is impossible to obtain the
experimental PDF of the droplets at the liquid core with
current imaging technologies.24 The objective of the comparison is to show the droplet gradation phenomenon, which
occurs from the liquid core to the downstream location,
x / d = 24. As shown in Fig. 10, the distribution width of computational results at the liquid core is relatively larger than
the experimental data obtained downstream, x / d = 24. At the
liquid core surface, droplets of various sizes are launched.
Larger droplets generally carry greater momentum. These
launched droplets of various sizes start to gradate rapidly due
to different dynamic behavior. Large droplets are dispersed
outwardly, while smaller droplets generally are swept toward
the spray center line by aerodynamic drag interactions with
the entrained air. However, these entrained smaller droplets
maintain their launching velocity in the axial direction because 共1兲 these small droplets are surrounded by the larger
droplets and, thus, preserve their initial velocity, and 共2兲 the
entrained air affects the radial velocity of the small droplets
only, not the axial component of the velocity. As for the
droplet velocity distribution, Fig. 10 shows that the distribution evolves from the log-normal shape at the liquid core to
the Rosin–Rammler shape at downstream, x / d = 24 because
of the droplet gradation. In Fig. 11, additional experimental
data for droplet velocity distribution at various radial locations 共i.e., y = 5 , 10, 15, and 20 mm兲 are shown. As the radial
location increases, the droplet velocity is reduced because of
drag. While the droplets, surrounded by moving neighboring
droplets, preserve the initial launching velocity, those located
at the outer radial locations are susceptible to more drag. It
was interesting to observe the experimental results for all
radial locations are in good agreement with the Rosin–
Rammler model.
In Fig. 12, the droplet size distribution at the liquid core
关Fig. 12共a兲兴 and that obtained at x / d = 24 关Fig. 12共b兲兴 are
compared. While both distributions are in fairly good agreement with the NT distribution model, the arithmetic mean
droplet 共D10兲 size of the liquid core is larger than that obtained downstream, x / d = 24 共compares centerline results in
Table I and the We= 87 193 case in Table III兲. This pattern
confirms that the smaller droplets conglomerate toward to
the center line by the time the droplets reach x / d = 24. Such
gradation phenomenon is experimentally manifested in Table
I; the mean droplet size increases by as much as 36% when
the radial location increases from y = 0 to 20 mm. In Fig. 13,
size distributions for various radial locations are shown. It is
interesting to observe that both size and velocity distributions of experimental data are in fairly good agreement with
the Rosin–Rammler distribution model at the downstream
region, x / d = 24.
In an effort to reveal the relationship between the droplet
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FIG. 12. Comparison of the droplet-size distribution at the center line for
the We= 87 193 case. 共a兲 Computational result at liquid core. 共b兲 Experimental result at x = 48 mm at center line 共y = 0 mm兲.

size and velocity, joint PDFs 共JPDF兲 of droplet size and velocity are plotted for the liquid core in Fig. 14共a兲 and for the
x / d = 24 downstream in Fig. 14共b兲. The noisy behavior of the
JPDF at the liquid core indicates that the liquid core in nature
is random and chaotic. The range of the droplet velocity of
relatively high PDF is around 65 m / s 艋 UD 艋 85 m / s. It also
is shown in Fig. 14共a兲 that some small droplets have fairly
high velocity 共i.e., UD ⬎ 100 m / s兲 even though the individual droplet momentum is proportional to the droplet size,
as shown in Fig. 15. Droplets in the range of 20 m 艋 D
艋 30 m have relatively high PDF values. In Fig. 14共a兲, the
droplet velocity is reduced when increasing the droplet size
for the smaller droplets; momentum loss occurs. On the other
hand, the droplet velocity is increased when increasing the
droplet size for the larger droplets; momentum gain occurs.
In the end, these droplets tend to equalize their velocity at
about 65 m / s 艋 UD 艋 85 m / s. This “equalizing” behavior is
manifested in Fig. 14共b兲 of the data collected at downstream,
x / d = 24. By the time the droplets reach x / d = 24 downstream

This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to IP:
163.152.61.220 On: Wed, 12 Feb 2014 06:39:46

035103-12

Sam S. Yoon

Phys. Fluids 17, 035103 共2005兲

FIG. 13. Experiment of the dropletsize distribution at various radial locations 共i.e., y = 5, 10, 15, and 20 mm兲 at
the axial location of x = 48 mm for the
We= 87 193 case.

location, the droplets are well segregated. Clearly, momentum transfer occurs during this event since small droplets of
high velocity merge and release their energy to the dominant
convective mainstream; the small droplets of low velocity
have the opposite effect. As shown in Fig. 14共b兲, the small
droplets of high velocity mostly have disappeared, which
indicates that the small droplets of liquid core are entrained
toward the center and their momentum are equalized with the
neighbor smaller droplets near the center line.
In Fig. 16共a兲, the droplet gradation is depicted. The external spray simulation, discussed in Sec. VI C, also confirms
the droplet gradation phenomenon as briefly demonstrated in
Fig. 16共b兲; small droplets are entrained toward the center. In
Fig. 17共a兲, the vector plot of air flow is shown. The entrainment near the nozzle exit is clearly simulated. The flow relaxes as the axial location increases, while adjusting their
momentum with surrounding air. This flow relaxation at various axial locations is shown in Fig. 17共b兲.
C. External spray simulations using NT distribution

In the preceding Sec. VI A, the NT distribution model is
shown to be the model that best describes the droplet size
distribution of the liquid core. An important droplet flow
physics, droplet gradation, also is identified in Sec. VI B
when comparing our computational results at the liquid core
and the experimental results at the downstream location
x / d = 24. In this section, the NT distribution is applied as the
initial conditions for the droplet size distribution to the stochastic separated flow 共SSF兲 model.3 Our goal in this section
is to simulate droplet gradation, flow physics using the NT
model as the initial droplet size distribution.
The SSF model has been extended to handle the dilute

multiphase flow physics found in evaporating and reacting
sprays.3 The spray model is coupled with the Navier–Stokes
solver, based on a Reynolds averaged Navier–Stokes
共RANS兲 formulation employing a standard k –  turbulence
closure model.44 The gas-phase flow is calculated on an Eulerian staggered Cartesian grid using the SIMPLEC
method.45 The condensed phase evolves using a Lagrangian
approach based on the stochastic separated flow model.43,46
Evolution equations for collections of droplets with similar
sizes and initial conditions, denoted as parcels, are used to
reduce computational cost. A sufficient number of parcels are
used to ensure adequate resolution of the spray physics and
the measured droplet statistics.2 Statistical variations in droplet size and velocity are imposed as initial conditions to
simulate the liquid jet breakup process, of which phenomenon was experimentally shown by Sallam et al.47,48 In addition, the modified collision/coalescence model of
O’Rourke17 as well as the evaporation model of Ranz and
Marshall were used.49,50 The parcels are advanced under the
influence of modeled turbulent fluctuations in the gas-phase
properties.51
All simulations run for a duration of 2 seconds on
1.2 m ⫻ 0.8 m ⫻ 0.8 m domain: 0 m ⬍ x ⬍ 1.2 m, −0.4 m
⬍ y ⬍ 0.4 m, and −0.4 m ⬍ z ⬍ 0.4 m. The spray injection is
initiated at origin, x = y = z = 0. A 70⫻ 50⫻ 50 Cartesian grid
is employed 共thus, total numbers of the computational nodes
are 175 000兲 with grid stretching employed to enhance the
resolution around the injector location. The flow is essentially steady after t = 0.5 s and statistics are collected from t
= 0.5 to 2.0 s at intervals of 0.0002 s thus 7500 statistic collection frequency is applied during 1.5 s. Parcels are injected
at a rate of 133 333 per second; the average mass associated
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FIG. 15. The initial droplet size vs its momentum at the liquid core. Larger
droplets generally have greater momentum. Linear relationship between D
and 共mDUD兲 is shown.

FIG. 14. 共Color兲. Joint PDFs for the droplet size and velocity for the We
= 87 193 case. 共a兲 Computational result at liquid core. 共b兲 Experimental result at x = 48 mm for all radial locations.

with each parcel is approximately 1.875⫻ 10−6 kg of water.
Thus, the number of droplets per parcel is approximately
PPP ⬇ 5.6⫻ 104. Constant pressure boundary condition is
applied at all boundaries. The nozzle operating pressure is
⌬p = 4.14 MPa, which gives the Bernoulli jet speed of UBE
= 91 m / s. Due to the pressure drop within the internal nozzle
flow, the actual jet speed is estimated to be about Uinj
= 80 m / s based on the measured mass flow rate, ṁ
= 0.25 kg/ s, and the nozzle diameter, d = 2 mm. The droplet
injection speed is set as 10.1% less 共i.e., UD,inj = 71.9 m / s兲
than the jet speed per BEM prediction in Sec. VI A. The
fluctuating droplet injection speed is set as UD,rms / UD

= 0.296 per BEM prediction 共see the case We= 87 193 in
Table III兲. The cone angle is set as  = 15°, based on the
experimental observation. The arithmetic mean diameter
used as the initial condition during injection is D10
= 39.97 m, whose value is predicted by the BEM liquid
core model in Sec. VI A 共see Fig. 9兲. Coefficients of the NT
distribution are adjusted to best match the droplet size distribution previously identified against the BEM result as in Fig.
12共a兲. The dimensionless parameters are Re= Uinjd / 
2
2
= 142 857, We= Uinj
d /  = 174 387, Weg = gUinj
d /  = 215,
and Oh= 冑We/ Re⬇ 0.0023.
Usually, it is impossible to track all individual droplets
and, thus, the SSF model is constructed and used on the basis
of the parcel 共or cloud兲 model; one parcel carrying thousands
of droplets. In order for conservation equations describing
these parcels to accurately represent the evolution of all parcels, droplets in a parcel generally are restricted to a fixed
diameter. If the number of droplets in each parcel is identical, then the size distribution of the parcel follows the size
distribution droplets. However, it is computationally more
expedient to force the mass of each parcel to be identical.
Thus, the number of droplets per parcel is inversely proportional to the droplet mass. Equivalently, the number of droplets per parcel is proportional to D−3, where D is the diameter
of the droplet. In this case, the parcel distribution, f c共D兲,
differs from the droplet distribution, f共D兲,
f c共D兲 = AnD3 f共D兲,

共23兲

where An is a scaling factor so that f c共D兲 can be properly
normalized. Using Eq. 共23兲, the PDF for the parcel is written
as
f c共D兲 = AnD3aD p exp共− bDc兲.

共24兲

Here, An can be evaluated using the normalization definition,
1 = 兰⬁0 f c共D兲dD. Thus,
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FIG. 16. 共Color兲. 共a兲 Schematic of near field entrainment and droplet size distribution. 共b兲 Cross-sectional view 共at z = 0 plane兲 of the spray using Nukiyama–
Tanasawa distribution as initial conditions. Contour color is scaled with the droplet size; red for large and blue for small droplets. Droplet gradation is shown.
As a result, the droplet size increases outwardly 共proportional to increasing radial direction兲. Note that the focused simulation domain extends from x
= 0 to x = 1 m.

An =

cb p+4
.
p+4
a⌫
c

冉 冊

共25兲

In stochastic simulations, the droplet diameters are obtained
by randomly sampling from the cumulative distribution function. The cumulative distribution function corresponding to
Eq. 共24兲 is
CDF =

冕

冋

D

f c共D兲dD = 1 − P

0

册

p+4
,bDc ,
c

共26兲

where P is known as the incomplete gamma function.52 To
obtain the parcel size, D, for a specific parcel, the inverse of
Eq. 共26兲 is taken,
D=

再 冋

册冎

1 −1 p + 4
P
,1 − CDF
b
c

1/c

.

共27兲

In Fig. 18, it is clear that the droplet and the parcel distributions are different. The parcel PDF is shifted to the right
because of the larger size distribution of the D3 effect of Eq.
共23兲. To ensure consistency of Eqs. 共24兲 and 共27兲, the convergence check per droplet number density is performed using various number resolutions as shown in Fig. 19. Using
Eq. 共27兲, the parcel size is determined for specific numbers
resolution, N, and these parcels are categorized into 35 his-

tograms 共or bins兲. These histograms are compared with the
analytical parcel PDF of Eq. 共24兲. It is shown that N ⬎ 1
⫻ 104 yields a statistically reliable PDF distribution. All
simulation results are obtained under the droplet number
resolution of N ⬎ 1 ⫻ 105 parcels, which guarantees the solution independence from the number resolution, N.
In Fig. 20, the computational results using the NT distribution are shown and compared with the experimental data
at various axial locations 共i.e., x = 250, 480, and 810 mm兲.
Parameters used for the NT distribution are p = 5, c = 1, and
b = 0.22, corresponding to Fig. 12共a兲. The comparison is poor
because the NT distribution using the parameters do not account for distribution of the larger droplets 关see Fig. 21, a
magnified view of the lower-right region of Fig. 12共a兲兴.
While the NT distribution well describes the high “peak”
distribution of the small droplets, the NT model poorly describes the distribution of larger droplets. When the NT parameters are adjusted so that the NT distribution is in agreement with the histograms provided by the liquid core model
especially in the lower-right region, the parameters are found
as p = 2, c = 1, and b = 0.08 共see Fig. 21兲. Unfortunately, these
modified parameters do not well describe the high “peak” of
the smaller droplets. It is interesting that modified distribution seems to be in agreement with the log-normal distribution in the lower-right region.
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FIG. 17. 共Color兲. 共a兲 Cross-sectional view at z = 0 plane. Entrainment creates strong inflow near droplet-injection location. As a result, small droplets are
convected toward the center line. The contour color is scaled with the droplet number density. 共b兲 Relaxation of the gas axial velocity at various axial locations
共i.e., x = 250, 480, and 810 mm兲 is shown.

Since the log-normal distribution well describes the large
droplet-size distribution 共similar to the modified NT parameters兲, the log-normal model is of good use for initial conditions as well. The same principle for the parcel injection
method is applied to the log-normal distribution as is in the
NT distribution of Eqs. 共23兲–共27兲. The parcel PDF of the
log-normal distribution is written as follows:

冉
冉

冊冑
冊

9
f c共D兲 = D3 exp − 3 ln Dln − 2ln
2
⫻exp −

共ln D − ln Dln兲
22ln

2

1

2lnD

,

共28兲

where ln is the dimensionless standard deviation of the
logarithm of the diameter. Dln = exp共ln D兲 is the log-normal
diameter defined as the exponent of an average of the logarithm. Kuo and Corrsin39 provide the relation between Dln
and the average diameter, D10 共i.e., Dln = D10 / exp关2ln / 2兴兲.

FIG. 18. Comparison between the droplet and parcel distributions for the
Nukiyama–Tanasawa PDF. Note p = 5, c = 1, and b = 0.22 are used.
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FIG. 19. Droplet number density resolution check for the parcel distribution
of the Nukiyama–Tanasawa PDF. Note
p = 5, c = 1, and b = 0.22 are used.

Since cumulative distribution function 共CDF兲 is defined as
the integral of f c共D兲 over the droplet diameter, the parcel
diameter can be written as
D = Dln exp关冑2ln erf −1共2 CDF − 1兲 + 32ln兴.

共29兲

Here erf −1 is the inverse-error function, obtained using the
inverse of the incomplete gamma function. For example,
erf −1共x兲 = P−1共1 / 2 , x2兲.
Computational results using Eq. 共29兲 as the initial condition are shown and compared with the experimental data in

FIG. 20. Nukiyama–Tanasawa parameters 共i.e., p = 5, c = 1, and b = 0.22兲
describe the high “peak” of the smaller droplet size distribution. Poor comparisons are shown when larger droplet size distribution is ignored during
the initial droplet injection.

Fig. 22. The computational results improved 共compared with
the results shown in Fig. 20兲 because the log-normal distribution accounted well for the large droplets, as discussed
previously. Both computational and experimental results
show, in Fig. 22, that the arithmetic mean diameter increases
as the radial location increases. This pattern correctly confirms the droplet gradation phenomenon previously shown
and validated in Sec. VI B. The stiffness 共i.e., ⌬D10 / ⌬y兲 of
this gradation behavior becomes less prominent when the
axial location increases. A major difference between the
computational results and experiment is shown near the center line region 共i.e., y = 0兲. At a far downstream location x

FIG. 21. Magnified view of Fig. 12共a兲 共lower-right region兲. Comparison
between the Nukiyama–Tanasawa and the log-normal distributions.
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FIG. 22. Arithmetic mean diameter results at various axial locations using
the log-normal distribution with *ln = 0.5. Comparison improved 共compared
to that in Fig. 20兲 because the log-normal takes into account for the larger
droplet distribution more accurately.

= 810 mm, the small droplets generally are not carried due to
their loss of momentum. In reality, drag plays a significant
role in reducing the droplet velocity. In addition, local turbulent eddies arising between the shear layers of the moving
droplets and surrounding air cause the jet to diverge substantially. Generally, the stochastic separated flow 共SSF兲 model
using the parcels’ distribution tends to overpredict droplet
momentum because of parcel or cloud modeling. For this
reason, small droplets of computation are carried a further
distance and, thus, the overall D10 results are smaller at x
= 810 mm compared to the experimental data.

Phys. Fluids 17, 035103 共2005兲

FIG. 23. Arithmetic mean diameter results using p = 2, c = 1, and b = 0.08,
Nukiyama–Tanasawa parameters which describes the larger droplet size distribution. Comparison improved 共compared to that in Fig. 22兲 because the
NT distribution 共with p = 2, c = 1, and b = 0.08兲 better describe the smaller
droplets distribution as well as larger droplets distribution.

In Fig. 23, the computational results again are improved
when the NT distribution is used with the modified parameters p = 2, c = 1, and b = 0.08. It is reminded that the NT
distribution with the modified parameters better describes the
large droplet distribution 共see Fig. 21兲. This comparison suggests that accounting for large droplets is more important
than accounting for small droplets when simulating droplet
gradation. It is probably because the larger droplets tend to
lead the droplet dynamics mechanism during the droplet gradation process. On the other hand, the importance of the

FIG. 24. 共Color兲. A snapshot of a spray. Contour color is scaled with the droplet axial velocity. The velocity is higher closer to the nozzle exit and toward the
center line.
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FIG. 25. Average droplet axial velocity results comparison between experiment and simulation.

Phys. Fluids 17, 035103 共2005兲

parameters, which properly accounts for the distributions of
both small and large droplets, yields the best computational
results.
In Fig. 24, a snapshot of the moving droplets is shown.
The droplet velocity is high near the nozzle exit. The droplet
velocity is reduced as the droplet travels downstream. It is
also shown that droplets located at a larger radius tend to
have a smaller velocity due to their greater exposure to air
drag. Quantitative comparisons between our computational
result and experimental data at various axial locations are
shown in Fig. 25. As expected, the droplet velocity is reduced as both axial and radial locations increase. The computational results tend to overpredict droplet velocity because of the nature of the SSF model 共discussed previously兲.
The “tailing” behavior of the droplet velocity 共shown in Fig.
25 at x = 250 and 480 mm兲 is attributed to the greater momentum of the coalesced large droplets upstream.2
VII. EFFECT OF PULSING INJECTION

small droplets should not be underestimated. When the lognormal distribution underestimated the portion of small droplet, as in Fig. 7共d兲, the droplet size variation in the radial
direction 共⌬D10 / ⌬y兲 are not properly simulated in Fig. 22. It
is observed that more coalescence events occur with the lognormal injection because of greater numbers of larger droplets. Thus, the computational results tend to overshoot the
mean droplet size at the x = 250 mm downstream location as
seen in Fig. 22. Thus, the NT distribution with the modified

It is well known that turbulence or/and cavitation causes
random fluctuation within the internal nozzle flow. This fluctuation becomes more prominent when the roughness of the
pipe inner surface becomes large. During the liquid injection,
jet pulsation is imposed to study the random fluctuation effect on the atomizing liquid core and its subsequent effect on
droplet characteristics. Here, the pulsation magnitude varies
to account for the magnitude of the turbulence fluctuation.
These identified droplet characteristics produced during pulsation are used as initial conditions for the SSF model for the

FIG. 26. Simulations of the droplet
size distribution at various pulsing
magnitude for the We= 10 000. 共a兲 A
= 0.01, 共b兲 A = 0.10, 共c兲 A = 0.20, 共d兲 A
= 0.40.
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TABLE IV. Cases run under different pulsing conditions. Note that nozzle
diameter is d = 2 mm.
Cases

1

4

5

6

We
A
U 共m/s兲

10 000
0.01
27.02

10 000
0.10
27.02

10 000
0.20
27.02

10 000
0.40
27.02

ŪD 共m/s兲
⌬Ujet→D 共%兲

23.32

23.87

25.35

27.24

13.69
7.19

11.66
7.37

6.18
8.34

0.81
8.82

50.89

53.93

52.58

54.34

28.49

30.92

29.25

30.54

q

89.06
1.611

97.76
1.545

92.39
1.603

96.13
1.580

Ndrop

66 222

62 021

73 032

79 761

UD,rms 共m/s兲
D10 共m兲
D10,rms 共m兲
D32 共m兲

external spray simulation. The pulsation frequency or wavelength of Eq. 共12兲 also varies to simulate its effect on the
overall droplet distribution of the external spray. The most
dominant wavelength of the boundary layer instability of
Brennen28 is first imposed, and then relatively larger wavelengths are used later. The computational results are compared with experimental results in the downstream location,
x = 810 mm.
A. Effect of pulsing magnitude on droplets of liquid
core

Droplet size distributions at various pulsing conditions,
A = 0.01, 0.10, 0.20, and 0.40 for the We= 10 000 case are

shown in Fig. 26. While the highest PDF value tends to
reduce its height, the distribution width tends to increase
with increasing the pulsing magnitude. The PDF eventually
conforms reasonably well into the log-normal shape as
shown in the case A = 0.40 in Fig. 26.
As shown in Table IV, there is no significant change in
the mean droplet size, while the pulsing magnitude varies.
One noticeable behavior is that the droplet velocity tends to
grow with increasing the pulsing magnitude. This pattern
perhaps is because the pulsing force increases the local circulation, which induces an additional velocity on separating
droplets. It is shown in Sec. VI A that the mean droplet velocity generally is lower than the exiting liquid jet 共or slug兲
velocity. However, the mean droplet velocity can be greater
than the jet velocity when the pulsation magnitude is sufficiently large. In this case, the pulsation acts as an external
forcing source to the injection system.
In Fig. 27, the width of the droplet velocity distribution
becomes slightly larger as the highest PDF value is reduced
with increasing the pulsing magnitude. Here, the standard
deviation for the log-normal distribution also is found to be
ln ⬇ 0.5. Thus, the log-normal fit using ln = 0.5 for the droplet velocity distribution seems to be applicable not only for
the wide range of Weber number, but also for the wide range
of pulsing condition at the liquid core.
A snapshot taken at t* = 5.8 is shown in Fig. 28 for the
pulsing jet. The pulsing wavelength appears on the liquid
surface, while the smaller boundary layer waves randomly
appear throughout along the surface line. Evolution of the
pulsing jets is shown in Fig. 29 for various pulsing magni-

FIG. 27. Simulation of the droplet velocity distribution at various pulsing
magnitude for the We= 10 000. 共a兲 A
= 0.01, 共b兲 A = 0.10, 共c兲 A = 0.20, 共d兲 A
= 0.40.
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FIG. 28. A snapshot of the pulsing jet simulation in the
upper liquid surface is taken at t* = 5.8 for case 5 共i.e.,
A = 0.2兲. The pulsing frequency or wavelength 共i.e., ka
= 0.816 or  / a = 2.45兲 appears on the liquid surface.

tude. It is shown that the pulsing magnitude should be sufficiently large 共i.e., A 艌 0.10兲 for the prominent appearance of
the pulsing wavelength on the liquid surface. In Fig. 29, the
typical shapes of the liquid core for a turbulent jet are shown
共see Fig. 29, the snapshots taken at t* = 7.0兲. The liquid core
is deformed in a chunk-like “droplet-package” at an interval
of the pulsing wavelength when the pulsing magnitude is of
sufficient magnitude 共i.e., A 艌 0.20兲. At relatively high speed,
the liquid core of a turbulent jet is extremely difficult to
observe because of intense multiple light scattering from surrounding liquid droplets. In Fig. 29, the distorted shape of
the liquid core due to the pulsation is clear. However, data
collected in Table IV and Figs. 26 and 27 indicate that droplet characteristic variations due to pulsation is relatively insignificant when compared with the droplet characteristics
variation due to the Weber number increase 共see Sec. VI A兲.
While the pulsation is important enough to affect the droplet
characteristics for the low speed jet in the Rayleigh regime,53
it is uncertain whether the pulsation can affect the droplet
characteristics for the high speed turbulent jet in the atomization regime. This uncertainty leads us to simulate the external spray under the pulsing injection. We will investigate
droplet characteristics at various pulsation wavelengths and
will present its sensitivity on the final results in Sec. VII B.

B. Effect of pulsing wavelength on droplet
characteristics for external spray

Pulsation droplet statistics of the liquid core, previously
identified in Sec. VII A, are used as initial conditions for the
SSF model to clarify the uncertainty associated with the pulsation effect for the turbulent jet.
The pulsating magnitude was set as A = 0.4, whose value
is sufficiently large to guarantee the appearance of the pulsing wavelength. However, no discernable effect is shown
during the SSF external spray simulation when the jet is
pulsed with the relatively small-scale wave of the turbulent
boundary layer 共 = 2.45a, previously appeared in the liquid
core surface as in Fig. 28兲. Thus, larger wavelengths 共
= 100a, 200a, and 300a兲 are used during pulsation and their
prominent effect on the droplet dynamics is shown in Fig.
30. It is clear that the droplets are well segregated at an
interval of the pulsing wavelength. This distinctively segregated conglomeration confirms the existence of the “dropletpackage” of the liquid core 共shown in Fig. 28兲 breaking up
into a cloud of droplets. It is shown that the conglomerated
region becomes obscure as the droplets travel downstream.
The triangulated mesh is constructed in Fig. 31 to study the
droplet characteristics at a quasisteady state. Figure 32 shows

FIG. 29. Evolution of the pulsing jet
at various pulsing magnitude, A = 0.01,
0.10, and 0.20.

This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to IP:
163.152.61.220 On: Wed, 12 Feb 2014 06:39:46

035103-21

Phys. Fluids 17, 035103 共2005兲

Droplet distributions at the liquid core

FIG. 30. 共Color兲. Snapshot of the pulsing jet with different pulsing wavelength,  = 0.1, 0.2, and 0.3 m. Contour color is scaled with the axial velocity of droplets. Note, the computational domain shown in this figure extends
from x = 0 to x = 0.55 m. The pulsing magnitude is A = 0.4.

FIG. 32. 共Color兲. A snapshot of the local gas axial velocity corresponding to
Fig. 30.

VIII. CONCLUSIONS

that the local axial velocity of air is affected by the jet pulsation. Obscurity of the pulsation with increasing the downstream location is again confirmed in Fig. 32. A snapshot of
the droplet size distribution shown in Fig. 33 indicates that
the pulsation essentially has no effect on the overall droplet
size distribution as no discernable pulsation effect is shown.
A quantitative comparison is made in Fig. 34 at the axial
location, x = 810 mm, using the Eulerian droplet statistics. As
shown, the jet pulsation has little effect on the final droplet
statistics of its size and velocity.

A numerical model to obtain droplet characteristics at
the liquid core of high velocity turbulent liquid spray is explained and demonstrated. Results are obtained under various Weber numbers and pulsing conditions for fully developed turbulent flows. Some limited experimental data also
are presented and compared against computational results.
Computational results yielded the following observations:
共i兲

共ii兲
FIG. 31. Triangulated mesh for droplets.

Boundary layer instability is solely responsible for
characterizing the droplet size distribution at the liquid core for a turbulent liquid spray; no shear-layer
driven 共i.e., Kelvin–Helmhotz type兲 instability plays
an important role in determining the initial droplet
size in the liquid core region. Current state-of-the-art
liquid core modeling using BEM with the superposition theory can accurately predict the droplet size and
velocity distribution at the liquid core region. No adjustable constant is used for the BEM liquid core
model. The secondary instability model can improve
by adopting the nonlinear effect 共see Fig. 4兲. A nonlinear model for the secondary instability.38 would address the very small droplet size distribution of the
liquid core.
The BEM liquid core model predicts an accurate
droplet distribution because the analytical PDFs better
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FIG. 33. 共Color兲. Droplet size distributions for various pulsing conditions
correspond to Fig. 30. Contour color is scaled with the droplet size. Larger
droplet at larger radius is shown while no discernable pulsation effect is
observed.

共iii兲

共iv兲

共v兲

共vi兲

match with the BEM predictions yielding the best
comparisons with the experimental data.
Extrapolating D10 using experimental data in downstream is a suitable method for estimating the initial
droplet size at the liquid core. These extrapolated experimental data are in agreement with the prediction
of our liquid core model within a 2% error rate.
The NT PDF model can effectively describe droplet
size distribution in the liquid core region with appropriate adjustable constants 共see Fig. 35 for a summary兲.
The log-normal PDF model effectively can describe
both droplet size and velocity distributions in the liquid core region. However, the model has a shortcoming in describing the small droplet distribution. The
dimensionless standard deviation of the log-normal
distribution of ln = 0.5 seems to be universally applicable for a wide range of droplet sizes and velocities
共see Fig. 35 for a summary兲.
Describing larger droplet distribution at the liquid
core is critical as the dominant mechanism of the
droplet dynamics is essentially governed by larger
droplets. At the same time, the importance of the
small droplet distribution should not be underestimated as lacking small droplet distribution underesti-

FIG. 34. Quantitative comparisons between experiment and simulation results for various injection wavelengths. The log-normal distribution is used
for the pulsing injection with the pulsing magnitude, A = 0.4. 共a兲 Arithmetic
mean diameter is compared. 共b兲 Average axial velocity of droplet
is compared.

mates the coalescence events and significance of the
evaporation.
共vii兲 Parcel or cloud distribution for the stochastic separated flow model for both the NT and the log-normal
distributions are newly developed and used for the
simulation.
共viii兲 Droplet gradation occurs immediately after the droplet separation from the liquid core. At a certain downstream location, the Rosin–Rammler PDF model can
describe both droplet size and velocity distribution effectively 共see Figs. 11 and 13兲.
共ix兲 The droplet gradation phenomenon of the turbulent
spray is favored in the fire suppression application.
Larger droplets enveloping smaller droplets yield a
deep penetration of the spray into fire due to the
greater momentum of the larger droplets, while the
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FIG. 35. Summaries of the applicability of analytical
distribution models at various physical locations.

smaller droplets can quickly evaporate once they are
carried into the fire core.
共x兲
It is found that the droplet-number density is proportional to the jet velocity.
共xi兲 The droplet velocity is generally from 10%–15%
smaller than the exiting jet velocity.
共xii兲 Since the droplet size distribution is related to the
droplet velocity distribution as shown in Fig. 14, the
joint PDF injection method54 is suggested for another
possible improved injection method.
共xiii兲 Pulsation effect on droplet characteristics is relatively
small though increasing pulsing magnitude causes a
slightly more dispersive behavior in both size and velocity PDFs.
共xiv兲 Pulsation effects 共both magnitude and wavelength兲
are prominent near the liquid core region. In addition,
it is found that pulsation tends to increase droplet velocity during launching from the liquid core. However, the overall effects are greatly obscured by the
droplet-gradation phenomenon.
A physical process of the droplet shedding to dispersion
from the liquid core clearly is shown in our simulation. This
enabled an improved understanding of the atomization process in a liquid jet in the liquid core region. Moreover, ideal
distribution models for droplet size and velocity at the liquid
core region are identified and, therefore, the modeled PDFs
are recommended for spray dynamicists to use the PDFs as
initial conditions. A fully coupled simulation for an entire
spray, combining both internal and external flows, is demonstrated, and its computational results are compared with the
experimental data. The comparison is in good agreement.
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