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Pressure-swirl jets are of paramount importance in such applications as liquid rockets, gas turbines, and internal
combustion engines. Although the external spray has been extensively studied, the internal nozzle flow, which
determines the external spray characteristics outside the nozzle, is relatively underexplored. Experimental
studies of the internal nozzle flow are available, whereas theoretical approaches are less common, especially for
strong swirl flows in which the boundary layer effect at the nozzle walls is significant. Herein, we explore a
strongly swirling film flow, where viscous effects become dominant in the entire film and the boundary-layer
approximation fails. The parabolized Navier-Stokes equations are solved by using the integral von KarmanPohlhausen method, and the viscous liquid film flow over the entire nozzle wall is predicted including the central
free surface configuration, the film characteristics such as its thickness, velocity components, and the spray cone
angle, at the nozzle exit. The theoretical predictions are compared to the experimental data, and the dependence
of the spray-cone angle on mass flow rate is experimentally validated. The theoretical parametric studies include
the effect of the internal nozzle geometry, initial film thickness, the mass flow rate, and the effect of the swirling
strength.

1. Introduction
Pressure-swirl atomizers are widely used in industrial applications,
such as liquid rocket engines, gas turbine engines, and internal combustion engines, because of their reliability, high throughput, and good
atomization performance [1–4]. The liquid is injected into tangential
ports, thereby inducing centrifugal force. As a result, an air core is
formed at the center and the bulky annular liquid film rotates inside an
upper chamber of the atomizer. This rotating liquid travels downstream
and undergoes laminarization through a converging nozzle that is
connected to a straight orifice, where a thin liquid film is moving over
the inner wall of the orifice.
There are numerous experimental [5–9] and numerical [2,8,10–13]
studies on pressure-swirl atomizers. Theoretical studies are of particular
interest as they allow prediction of the initial conditions at the nozzle
exit for the swirling liquid sheet, which eventually breaks up into

⁎

droplets.
G.I. Taylor theorized this swirling liquid as an inviscid flow and
analytically predicted the air core radius and the discharge coefficient
[14]. A similar study by Giffen and Murazew and Abramovich produced
exactly the same results as those of Taylor [15,16], as reported by
Chinn [17]. Taylor provided a viscous model later, accounting for the
fact that the swirling film is affected by the viscous boundary layer,
which slows down the swirling motion closer to the walls [18]. As usual
in the boundary layer theory, Taylor separated the entire swirling film
in the nozzle into two separate zones: the outer flow, i.e., the liquid
closer to the centerline treated as an inviscid (potential) core, and the
near-wall viscous boundary layer, with matching in-between [18].
Taylor assumed that the inviscid core experienced no axial motion,
while the viscous boundary layer streamed down in the axial direction.
Binnie and Harris provided a more comprehensive analysis that considered the axial motion in the inviscid (potential) core zone [19].
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Fig. 1. (a) Upstream swirling air column inside the
nozzle and external atomized liquid sheet at various
flow rates. (b) Schematic depicting nozzle configuration. (c) Parameters characterizing the swirling
film: a(z) is the nozzle profile, with z being the axial
coordinate, b(z) is the free surface radius, h
(z) = a − b is the film thickness, and b̄0 is the initial
free surface radius rendered dimensionless by the
entrance nozzle radius.

Binnie and Harris reproduced Taylor’s solution in the particular case of
excluded axial motion in the core [19]. When both swirling and axial
motions were considered, the film was thinner than that predicted by
the Taylor solution. However, the treatments of Taylor and Binnie and
Harris both fail when the swirl is strong (Ω2/2ae2 ≥ P/ρ, where Ω = Γ/
2π and Γ is the swirl circulation, ae is the nozzle exit radius, ρ is the
liquid density, and P is the pressure at the nozzle entrance) [18,19].
When Ω2/2ae2 = P/ρ, the boundary-layer-based theory predicts that
the entire cross-section becomes a funnel, and the axial velocity of the
film becomes zero, i.e., the entire pressurization is converted into the
swirl, and the longitudinal flow ceases. At Ω2/2ae2 > P/ρ there is no
physical solution at all. The failure of the boundary-layer-based theory
shows that in the case of the strong swirl viscous forces should be accounted for in the entire film using the Navier-Stokes equations, which
has not been attempted so far.
Wimmer and Brenn separated the entire rotating liquid into three
zones: the first zone is the viscous region in contact with the chamber
wall [20]. The third zone is the relatively thin region near the centerline. The second zone is the region between the first and third zones. In
the first and second zones, the axial motion is assumed to be zero and
the zones are treated as a 2D flow in the radial (r) and tangential (θ)
directions, while the third zone is treated as a fully 3D flow. Notably,
the swirl nozzle of Wimmer and Brenn differs from the classical geometry of a swirl nozzle in that the converging nozzle section is omitted
[20]. Amini [21] and Dumouchel et al. [22] also used the boundarylayer based approach as Taylor and Binnie and Harris, while considering the classical swirl nozzle shape with a converging section. The
effect of the Reynolds number and nozzle geometry on the film thickness, spray angle, and discharge coefficient was studied.
Recently, Bang et al. [23] studied very thin films in nozzles with
smoothly-varying profile. They used the von Karman-Pohlhausen
method, which reduces the full 3D Navier-Stokes equations to quasione-dimensional equations in the lubrication approximation. This is
essentially a long-wave approximation, which precludes consideration
of situations in which the film thickness is comparable to the nozzle
radius, and the nozzle profile changes abruptly. In the swirl atomizers
of interest here, the film thickness can be comparable to the orifice
radius, and the nozzle profile can change abruptly, which makes the
approach of [23] inapplicable.
For this reason, we use here the fully 3D parabolized Navier-Stokes
equations, which are solved using the integral von Karman-Pohlhausen
method. Accordingly, the viscous liquid film profile over the entire
nozzle is predicted without separating the film into various zones. The
liquid film thickness is predicted for any required nozzle geometry,
mass flowrate, and swirl strength. The axial and radial velocities of the
exiting film are predicted, and thus the liquid sheet cone angle is also
estimated. This fully 3D approach is meaningful in that the entire
“thick” film is treated as a 3D fully viscous flow.

2. Experimental
Fig. 1a presents images of the upstream internal flow and downstream external spray from experiments. The internal flow is the rotating liquid column with an air core around the centerline (a funnel),
induced by the centrifugal force. The external flow is a diverging cone
spray, which varies with the flow rate. The measured cone spray angles
are to be compared with the theoretical predictions. Fig. 1b illustrates
the nozzle profile used in the experiments and the corresponding
theory. Fig. 1c shows the parameters used to describe the internal flow
liquid film, wherein a(z) is the nozzle outer radius distribution in the
axial z-direction, b(z) is the funnel free surface radius, h(z) = a − b is
the film thickness, and b̄0 is the initial free surface radius rendered dimensionless by the entrance nozzle radius.
The experimental details are described in depth by Chung et al.
[24]. The important outlines are briefly summarized herein. The experimental apparatus is shown in Fig. 2. Water was used as the experimental fluid. As shown in Fig. 2, water was injected by pressurized
air using a compressor. The required flow rate was controlled by a
regulator (accuracy: ± 0.02 atm) and measured by a flow meter (Hoffer
Flow Control, HO1/2X1/4A-0.35-3.5-BP-1MX-MS-X, uncertainty: ±
0.49%) installed in the feed line. A high-speed camera (Lavision,
Highspeed Star8) and continuous light source (Photron, HVC-SL) were
used to obtain the spray backlit image. The images were acquired at 50
fps with a pixel resolution of 1024 × 1024. A closed-type swirl injector
was used in the experiment. The geometry of the swirl injector was as
follows: the swirl chamber length (Ls) was 30 mm, the swirl chamber
diameter (Ds) was 20 mm, the orifice diameter (D0) was 6 mm (i.e., D0/
Ds = 0.3), the number of tangential inlet ports (Nt) was 3, and the
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Fig. 2. Experimental apparatus.
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tangential inlet port diameter (Dt) was 1.4 mm. The convergence angle
(αc) of the nozzle convergent section was 45°.
In general, swirl injectors provide high atomization quality with a
simple geometry and small volume. This is possible because of the
swirling effect. Notably, the closed-type swirl injector offers the advantage of achieving a larger spray-cone angle and higher spray performance than the open-type swirl injector because the closed-type
swirl injector can provide higher angular velocity at the orifice exit due
to the acceleration through the converging section. Thus, herein, the
closed-type swirl injector is in focus. When designing an injector, the
flow rate and spray angle are important because in the applications
these parameters influence the combustion region and combustion
chamber size. Therefore, the spray angle is chosen as the main parameter for analysis. Herein, the average spray angle from 100 images
was used to achieve statistically sound results.

distribution vz(z) found from such an equation can be used as the outer
solution required for matching with the viscous (inner) solution inside
the boundary layer near the nozzle wall, as it is done by Taylor and
Binnie & Harris [18,19].
However, for a strong swirl, such that
2

2ae2

0<

2

First, summarize the main findings of the inviscid potential theory
of swirling liquid film flow over the inner nozzle wall [19]:

(a2

(1)

(2)

1+

16Pae2
2

,

Q=

ae

(1
2

be2 / ae2 )3/2
be2/ ae2

(6)

Table 1
Parametric studies.

Note that Q is a constant along the film, whereas a = a(z), b = b(z)
and vz = vz (z ) all vary along the film. It should be emphasized that the
nozzle profile a = a(z) is a given function.
The analysis based on Eqs. (1) and (2) allows one to find the radius
of the free surface of the film be = b(ze) at the exit cross-section ae = a
(ze), where ze is the nozzle length (z = 0 corresponds to the nozzle
entrance), as well as the volumetric flow rate, in the following form
[19]
2
be2
=
1+
ae2
8Pae2

P

The nozzle of interest in the present work is shown in Fig. 1, with
the corresponding notations and geometrical parameters listed in
Table 1. The mass flow rate M = 57.3 g / s related to the injection absolute pressure Pinj = 4 bar in a pressured vessel. Taking the atmospheric pressure as zero (the free surface pressure, pb = 0), the gage
pressure of the vessel is P = 3 bar. The liquid density ρ = 1 g/cm3.
Then, the initial angular velocity can be estimated as
v , init = M /( Dt2 /4) = 37.22 m / s . On the other hand, according to the
inviscid theory discussed in Section 3.1, the initial circulation-related

2

b2 ) vz

(5)

3.2. Estimates of the relevant physical parameters

where r = b(z) denotes the free surface of the film. Note that in Eq. (1)
the pressure in the funnel r b , pb at r = b is taken to be zero, because
in any case it can be subtracted from all pressures. It should be emphasized that the free surface b(z) is to be found.
In addition, the volumetric flow rate Q (which is not given if pressure P in a pressurized vessel is considered to be given, or vice versa) is
expressed as

Q=

P

and thus no boundary-layer solution (and the boundary layer itself)
exists. Therefore, in the cases of the strong swirl, the entire film should
be treated as viscous, and the description should based on the NavierStokes equations.

Because the flow is assumed to be inviscid, the Bernoulli equation
globally holds. Using the assumptions (i)-(iii), it takes the form

r2

<

2ae2

(i) The azimuthal (swirling) velocity component is taken in the form
of a potential vortex, as v = / r , where
is a given constant
(related to the circulation as = /2 ), which is determined by
the inflow geometry. This means that the no-slip condition at the
nozzle wall r = a(z) does not hold. Here and hereinafter the cylindrical coordinates are used, with r being the radial coordinate
reckoned from the axisymmetric nozzle axis, θ being the angular
(azimuthal) coordinate in the nozzle cross-section, and z being the
axial coordinate.
(ii) The radial velocity component vr is assumed to be zero, i.e., vr 0 .
(iii) The axial velocity component vz is assumed to be constant in the
film cross-section, i.e. the no-slip condition does not hold at the
nozzle wall r = a(z).

2
1
2
2 b

2

2ae2

It should be emphasized that the outer solution based on the inviscid theory completely fails in the cases of the strong swirl, such that

3.1. Limitations of the inviscid and boundary-layer theory in the case of
strong swirl

=

(4)

the first Eq. (3) yields be = ae , which means that the film ceases! Accordingly, the exit longitudinal velocity vze = 0 , if Eq. (4) holds, i.e. the
entire pressurization is spent for swirl, and the longitudinal flow ceases!
Therefore, the inviscid outer flow described above, and the corresponding boundary layer theory describing the matched inner solution
can be found only for the intermediate swirl range, such that

3. Theoretical

p

P

=

(3)

Then, the longitudinal velocity in the film can be also found as one
of the solutions of the corresponding cubic equation. The velocity
3

Case No.

αc [°]

D0 / Ds

b̄0

M [g/s]

Re

β [°]

1A
1B
1C
1D
2A
2A-a
2A-b
2A-c
2A-d
2B
2C
2D
2E
3A
3B
3C
3D
3E
4A
4B
4C
4D
4E
4F
4G
4H

15
30
45
60
45
45
45
45
45
45
45
45
45
45
45
45
45
45
45
45
45
45
45
45
45
45

0.3
0.3
0.3
0.3
0.3
0.32
0.34
0.36
0.38
0.4
0.5
0.6
0.7
0.3
0.3
0.3
0.3
0.3
0.3
0.3
0.3
0.3
0.3
0.3
0.3
0.3

0.193
0.193
0.193
0.193
0.193
0.193
0.193
0.193
0.193
0.193
0.193
0.193
0.193
0.193
0.18
0.17
0.16
0.15
0.193
0.193
0.193
0.193
0.193
0.193
0.193
0.193

57.3
57.3
57.3
57.3
57.3
57.3
57.3
57.3
57.3
57.3
57.3
57.3
57.3
57.3
57.3
57.3
57.3
57.3
12
20
35
57.3
100
200
400
1000

456
456
456
456
456
456
456
456
456
456
456
456
456
456
456
456
456
456
95
159
279
456
796
1592
3183
7958

52.95
53.01
52.87
53.09
52.87
82.08
84.71
85.96
86.72
87.25
88.55
89.08
89.36
52.87
81.82
83.67
84.61
85.20
44.40
50.26
52.1
52.87
53.34
53.64
53.78
53.87

Fuel 280 (2020) 118215

B.-H. Bang, et al.

parameter init can be estimated from the equality v , init = init /(Ds /2) ,
2
which yields
init = 0.37 m /s . In the present case, ae = D0/
2
/(2ae2) = 7700 m2/ s 2 . On the
2 = 0.003 m (cf. Fig. 1). Therefore init
other hand, P/ρ = 300 m2/s2. Therefore, the inequality Eq. (6) holds,
and the inviscid theory is inapplicable, as well as no boundary-layertype solution, and the boundary layer itself, exist. This is the case of the
strong swirl, and the Navier-Stokes equations should be invoked.

distribution in the radial direction, i.e., Eq. (7) reduced to

v2
p
=
r
r

Using Eq. (12), the integration of Eq. (14) yields the pressure in the
following form

v2
=
r

vr

v
v
vv
+ vz
+ r =
r
z
r

vr

vz
v
+ vz z =
r
z

r

(rvr ) +

z

1 p
+
r

1
v
r r
r r
r

1
v
r
r r
r

v
1 p
1
r z
+
z
r r
r

(rvz ) = 0

v
r2

vr
r2

1 p
=
z

v
=0
r2

0

1

r

r2
a2

v
(1

, init b0
b02 / a02 )

1 db
4 da
r
2 db
+ 3
ln + 2
b3 dz
a dz
b
a b dz

2
0

db
v
= r
dz
vz

2r 2 da
a5 dz

b db
2b 2 da
+ 5
4
a dz
a dz

(17)

r=b

3.4. Solution by the von Karman-Pohlhausen method

(7)

The integral von Karman-Pohlhausen method is a powerful approximate method which can be effectively used to describe the longitudinal motion in the film governed by Eqs. (9), (10), (16) and (17). It
has already been used to solve different parabolic problems in cylindrical coordinates, for example, in [19,27,28].
Integrating Eq. (10) in the film cross-section by r from b to a, one
obtains the integral volume (and thus, mass) balance in the form

(8)
(9)
(10)

a

rvr |r = b +
b

rvz
dr = 0
z

(18)

It should be emphasized that in the integration, the no-slip condition vr = 0 at r = a has been accounted for. This condition is also
accounted for, when one differentiates the integral depending on
parameter z using the standard calculus formula

d
dz

a (z )

rvz dr =
b (z )

db
rvz |r = b +
dz

a

rvz
dr
z

b

(19)

Using the kinematic condition (17), one finds from Eq. (19) that
a
b

rvz
d
dr =
z
dz

a

rvz dr + rvr |r = b

(20)

b

Substituting Eq. (20) into Eq. (18), one finds that

d
dz

(11)

a

rvz dr = 0

(21)

b

and thus, the integration yields the volume (and thus, the mass) balance
in the film in the following form
a

rvz dr =

(12)

b

Q
2

(22)

where Q is the volumetric flux. Here, the volumetric flux Q is considered to be given, and in principle, can be related to the supply
pressure P by considering in detail the flow in the supply system leading
to the nozzle.
Using Eq. (10), transform the longitudinal momentum balance Eq.
(9) to the following divergent form

This solution corrects the inviscid potential vortex of Ref. [18,19]
discussed in Section 3.1. The constant 0 in Eq. (12) can be evaluated as
0

(15)

(16)

Its solution, which satisfies the no-slip condition vθ = 0 at r = a,
and approaches the potential vortex of Refs. [18,19] far from the wall,
reads

v =

b2
2a 4

It should be emphasized that at the free surface of the film, the
following kinematic condition holds

where ν is the kinematic viscosity of the liquid.
The parabolic equations are significantly simpler to solve, even
though there might be inaccuracies in the nozzle sections where the
second derivative in z is large because of the abrupt geometry change.
It should be emphasized that following the seminal work of Taylor
[18], the flow is approximately treated as laminar. This is corroborated
by the fact that the seemingly perturbed interface of the air core and the
liquid seen in Fig. 1a is mostly an optical artifact, which stems from the
observation of the interface through a curved surface amplifying and
distorting minor details in the glimpses like that.
In the case of the strong swirl, the main deficiency of the inviscid
theory stems from its disregard of the no-slip condition at the nozzle
wall. This points at the right-hand side of Eq. (8) as the dominant factor,
whereas the inertial terms of that equation can be neglected. Then, Eq.
(8) is reduced to the following equation

1
v
r
r r
r

2
r
r2
ln +
2
a
b
2a4

1
2r 2

Note that at r = b, p = pb = 0, as explained in Sections 3.1 and 3.2.
Accordingly, differentiating Eq. (15) by z, one obtains

The full system of the Navier-Stokes equations written in the cylindrical coordinates can be found in Ref. [25]. These include the
projections of the momentum balance equation onto the radial, azimuthal and axial directions, and the continuity equation. These four
scalar equations fully determine the four unknown functions: the velocity components vr(r,z), vθ(r,z), vz(r,z), and pressure p(r,z).
The system of the Navier-Stokes equations is elliptical. In the pipe
and nozzle flows the effect of the terms related to the second derivative
in z can be typically neglected, and the following system of the parabolized Navier-Stokes equations [26] arises

vr
v
+ vz r
r
z

1
2b2

2
0

p=

3.3. Solution based on the Navier-Stokes equations

vr

(14)

(13)

where v , init is established in Section 3.2, and b0 and a0 are the radii of
the free surface of the film and the inner nozzle wall at the entrance.
Note that a0 = Ds/2.
In the case of the strong swirl, the dominant effect in the radial
direction is the centrifugal force, which determines pressure

rvz2
rvr vz
+
=
r
z

1

r

p
+
z

r

r

vz
r

(23)

Then, integrating in r in the film cross-section, similarly to the
4
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continuity equation, one obtains
a

rvz2
dr =
z

rvr vz |r = b +
b

F1 =

a

1

p
v
dr + r z
z
r

r
b

rvz2
z

b

dr =

2[a¯ 6 / 6 + 2a¯ 3b¯3

rvz2 dr + rvr vz |r = b

(17 / 6) a¯ 2b¯ 4 + (5 / 3) ab
¯ ¯5 a¯ 4b¯2 / 6 (7 / 15) a¯5b¯
¯ ¯3 (5 / 12) b¯ 4]3
a¯ 2b¯2 / 2 a¯ 3b¯ / 3 + ab

× [ a¯ 2b¯

F2 =

[a¯5 + 6a¯ 2b¯3

a

a

1

rvz2 dr =

2[a¯ 6 / 6 + 2a¯ 3b¯3

b

b

(26)

r=a

vr

1
v
r r
r r
r

vr
r2

a

rvr vz dr =

r

b

vr
r

r
r=a

vr
r

¯ 20 = 4

(27)

a
r=b

b

vr
dr
r

b)(a

r)

(28)

z¯ = 0:

which satisfies the no-slip condition vz = 0 at r = a at the nozzle wall,
and the no-traction condition vz / r|r = b 0 at the film surface; B = B(z)
is the function to be found.
Note that for the supplementary problem (28), accounting for the
kinematic condition (17), one should take accordingly,

vr = B (a

db
r)
+ D [(a
dz

b)(a

r )2

(a

b)(a

r )]

Q
2 [a4 /4

a3b/3

+

ab3

2
0

=
+

da
dz

db
dz

17 2 4
5
a b + ab5
6
3

a2
3
+
2 b3
2b

2(a2

b2 )
a3

ln

a
b

a4 b 2
6

¯ =
L¯ =

3
+ 3
2a
a

b4
2a5

m
b)

3
2a¯

+

2 b¯2
3 a¯ 3

(a¯ 2 ab
¯ ¯)
a¯ 3b¯/3 + ab
¯ ¯3

b¯ 4
2a¯5

(5/12) b¯4]

(35)
(36)

Re =

Q
4 a0

(37)

(38)

b¯ = b¯0

D0
,
Ds

¯

z¯

L¯ s
L¯ s

z¯

¯

L¯

(39)

Ls
Ds / 2

Ls + [(Ds

D0) / 2] cot c
Ds / 2

Ls + L 0 + [(Ds D0) / 2] cot c
Ds / 2

(40)

v2
d 2R
=m
2
dt
R

r = b, nozzle exit

(41)

where R is the radial position of a material element, m is its mass, and t
is time.
The first integral of Eq. (41) yields

(32)
Substitute B from Eq. (31) into Eq. (32) and differentiate by z. Then,
one arrives at the following dimensionless equation for the dimensionless film thickness b̄

db¯
F da¯
F
= 2
+ 3
dz¯
F1 dz¯
F1

a¯

The spread cone angle of the free film at the nozzle exit is governed
by the centrifugal force. Namely, the second law of Newton for a material element in the swirling film reads

11 6
b
30

2 aB (a

ln b¯

a¯ 2b¯ + b¯3]

3.5. Spread cone angle of the free film at the nozzle exit

3 b
b3
+
2 a2
2a4
2b 2

2 2
0 a0
,
2
Q

L¯ s =

(31)

7 5
ab
15

(11 / 30) b¯6]

where

Similarly, substituting Eqs. (29) and (16) into Eq. (26) and evaluating the integral, one obtains

d
a6
B2
+ 2a3b3
dz
6

2(a¯ 2 b¯2)
a¯3

a¯ 2b¯2/2

2

a¯ (z¯) =

(30)

5b4 /12]

ab
¯ ¯2

a¯ (z¯) = 1, 0 z¯
a¯ (z¯) =
+ ( ¯ z¯) tan c ,

1
a2b2 /2

× [a¯ 3

D0
Ds

where D = D(z) is another function to be found.
Substituting Eq. (29) into Eq. (22) and evaluating the integral, one
finds

B=

(17 / 3) ab
¯ ¯ 4 + (5 / 3) b¯5 (2 / 3) a¯ 3b¯2 (7 / 3) a¯ 4b¯]
a¯ 2b¯2 / 2 a¯ 3b¯ / 3 + ab
¯ ¯3 (5 / 12) b¯ 4]2

where b¯0 = b0 /a 0 is given.
Note also, that the nozzle profile involved on the right-hand side of
Eq. (33) corresponding to that of Fig. 1 is given by the following expressions

(29)

r )2]

(a

(34)

which express the dimensionless swirl [known via Eq. (13)] and the
Reynolds number, also known, because Q is given.
The ordinary differential Eq. (33) with the functions (34)–(36) is
solved numerically using the Kutta-Merson method with the following
boundary condition at the nozzle entrance

To solve the main problem, Eqs. (22) and (26), assume the longitudinal velocity profile in the following form

vz = B [2(a

b¯3
2a¯ 4

In Eqs. (34)–(36) the following dimensionless groups are involved

transformed to the following integral form

d
dz

+

(17 / 6) a¯ 2b¯ 4 + (5 / 3) ab
¯ ¯5 a¯ 4b¯2 / 6 (7 / 15) a¯5b¯
a¯ 2b¯2 / 2 a¯ 3b¯ / 3 + ab
¯ ¯3 (5 / 12) b¯ 4]3

1
Re [a¯ 4 /4

F3 =

Eqs. (22) and (26) form the system of equations which determine
the longitudinal velocity vz(r,z) and the free surface of the film b(z).
Notably, they are fully autonomous from the radial velocity component
vr(r,z). The latter can be, in principle, found from the residual of Eq. (7)

vr
v
+ vz r =
r
z

3 b¯
2 a¯ 2

3
2b¯

+

2b¯3

(5/3) b¯3]

[a¯ 4 / 4

¯ 20

p
v
dr + a z
z
r

r

(11 / 30) b¯6]

[a¯ 4 / 4

and Eq. (24) is transformed to the following integral form

d
dz

a¯ 3/3 + 3ab
¯ ¯2
a¯ 2

2
+ ¯0

(25)

b

(25 / 3) ab
¯ ¯ 4 a¯ 4b¯ / 3 (7 / 15) a¯5 (11 / 5) b¯5]
¯ ¯3 (5 / 12) b¯ 4]2
a¯ 3b¯ / 3 + ab

a¯ 2b¯2 / 2

[a¯ 4 / 4

a

d
dz

(34 / 3) a¯ 2b¯3
[a¯ 4 / 4

(24)

r=a

where in addition to the no-slip condition at the nozzle wall, account is
taken of the fact that the absence of the shear forces at the film surface
means that vz / r|r = b 0 .
Then, similarly to Eq. (20), one obtains
a

[6a¯ 3b¯2

dR
dt

2

= 2v 2 |r = b, nozzle exit ln R + const

(42)

Because vr = dR/dt at the nozzle exit, and Eq. (17) shows that it is
expected that vr |nozzle exit 0 at the exit after the second straight section
of the nozzle, the constant of integration in Eq. (42) can be found from
the condition dR/dt = 0 at R = bnozzle exit. Then, Eq. (42) yields
const = 2v 2 |r = b, nozzle exit lnbnozzle exit and thus,

(33)

where a, b, and z are rendered dimensionless using the nozzle entrance
radius a0 = Ds/2, and the functions F1, F2 and F3 are given by the
following formulae
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Fig. 3. Effect of nozzle convergence angle (αc) on the dimensionless free surface radius (b), wall pressure (p), and dimensionless film thickness (h). (a) Dimensionless
nozzle profile (radius), a, (b) b, (c) h, (d) pwall, and (e) comparison of a and b. The nozzle convergence angle was varied from αc = 15° to 60°, noted as Cases 1A, 1B,
1C, and 1D in Table 1. Initial film thickness: b̄0 = 0.193; mass flow rate: M = 57.3 g s−1; orifice diameter: D0/Ds = 0.3.

dR
dt

2

= 2v 2 |r = b, nozzle exit ln

bnozzle exit

(43)

Also, Eq. (12) yields

Accordingly,

vr |r = a, nozzle exit =

2 ln(a/ b)nozzle exit v |r = b, nozzle exit

v |r = b, nozzle exit =

(44)

Then, the semi-angle of the spray cone film at the nozzle exit α is
found from the expression

tan

=

vr |r = a, nozzle exit
vz |r = b, nozzle exit

tan

0

b

1

b2
a2

(48)

exit

Then, using Eqs. (47), (48) and (31), one obtains

v |r = b, nozzle exit
vz |r = b, nozzle exit

(45)

Substituting Eq. (44) in Eq. (45), one obtains

v |r = b, nozzle exit
=
2 ln(a/ b)nozzle exit
vz |r = b, nozzle exit

(47)

b) 2|exit

vz |r = b, nozzle exit = B (a

R

=

2 0 (a2
ba2Q (a

b 2) 4
[a /4
b)2

a2b2/2

a3b /3 + ab3

5b4 /12]
exit

(49)

Using Eq. (46) and (49) and rendering parameters dimensionless,
one find the semi-angle in the following form

(46)

Eq. (29) yields
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Fig. 4. Effect of αc on the velocity field. (a) vz vectors. (b) vz contours. (c) vθ contours at the upper chamber (left), the convergent part center (middle), and the nozzle
exit (right). This is the benchmark Case 1C in Table 1.
2

(a¯
= arctan ¯ 0 ¯ ¯2

ba (a¯

×

b¯2)
[a¯ 4 /4
b¯)2

a¯ 2b¯2/2

a¯ 3b¯/3 + ab
¯ ¯3

swirling liquid film is shown in Fig. 3b. From the dimensionless coordinate z = 3, in all the cases the free surface radius decreased
abruptly in the converging part of the nozzle, and then slightly increased again until reaching a plateau corresponding to a cylindrical
free surface in the thin section of the nozzle up to the exit. This sudden
fall-and-rise pattern corresponds to a slightly curved shape at the end of
the converging section in Fig. 3c, where in all cases D0/Ds ≤ 0.4.
The wall pressure imposed by the swirling liquid was predicted
according to Eq. (15) and is shown in Fig. 3d. In the upstream or upper
chamber, the maximal wall pressure was pa = 55.6 bar; the wall
pressure gradually declined downstream as the liquid film passed
through the converging nozzle section and the orifice, where the wall
pressure (r = a) decreased to p = pa = 1.72 bar in the exit part. In the
upper chamber, the film was thick, and thus the mass of the film resulted in a relatively high wall pressure (p = 55.6 bar) associated with
the centrifugal force. However, in the downstream part of the nozzle, a

(5/12) b¯ 4]
exit

2 ln(a¯/ b¯)nozzle exit
(50)

4. Results and discussion
4.1. Effect of nozzle convergence angle
Fig. 3 shows the effect of the nozzle convergence angle (αc) on the
dimensionless free surface radius (b), wall pressure (p), and dimensionless film thickness (h). The film thickness is defined as
h = a − b, as noted in Fig. 1c. The radii a and b are reckoned from the
centerline. The nozzle convergence angle was varied from αc = 15° to
60°, as shown in Fig. 3a. The predicted free surface radius of the
7
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Fig. 4. (continued)

Fig. 5. Effect of nozzle convergence angle (αc) on the free surface radius (b), wall pressure (p), and film thickness (h). (a) Nozzle outer geometry, radius a, (b) radius b,
(c) thickness h, (d) pressure pwall, and (e) comparison of a and b. The nozzle diameter ratio was varied from D0/Ds = 0.3 to 0.7, denoted as Cases 2A, 2B, 2C, 2D, and
2E in Table 1. The nozzle convergence angle is αc = 45°; the initial film thickness is b̄0 = 0.193; the mass flow rate is M = 57.3 g s−1.
8
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Fig. 6. Effect of D0/Ds on the velocity field. (a) vz vectors. (b) vz contours. (c) vθ contours at the upper chamber (first row), the convergent part center (second row),
and the nozzle exit (third row).

very thin film of liquid that adhered to the wall resulted in a lower wall
pressure of p = 1.72 bar. This liquid pressure at the free surface r = b
was always zero, which corresponds to the atmospheric gauge pressure.
The film thickness in the downstream orifice was constant and the
same for all values of αc. Therefore, the change in αc does not affect the
film thickness, except in the converging nozzle section.
Fig. 4 depicts the predicted velocity field in nozzles with different
convergence angles. The dimensionless film thickness at the nozzle
entrance was b̄0 = 0.193, and therefore, an air core was present at
0 ≤ r ≤ 0.193. Except in the convergent section, the radial component
is very small in the upper chamber and downstream cylindrical
channel. Even though the radial velocity component vr is nearly zero
within the entire nozzle, vr becomes non-zero as soon as the film exits
the nozzle at the nozzle wall, r = a; cf. Eq. (44). The axial velocity
component vz was computed using Eqs. (29) and (47) at the free surface, r = b, where vz is maximum. The spray-cone angle at the nozzle
exit is found using Eq. (45), which accounts for the ratio of vr at r = a
and vz at r = b. It was found that the spray-cone angle (β) did not
change with the variation of αc, as indicated in the vector plots in

Fig. 4a. Note that tangential velocity at the nozzle exit is vθ = 13.6 m/s
at the free surface (r = b).
In Fig. 4b, the velocity components vz were maximal at the free
surface (r = b) and zero because of the no-slip boundary condition at
the nozzle wall (r = a). The flow accelerates toward the nozzle exit
because of the continuity equation. Indeed, from the upper chamber to
the downstream orifice, the liquid film thickness decreases drastically
and thus the axial velocity component must increase to sustain the
constant mass flow rate along the nozzle. The contour plots in Fig. 4b
depict the magnitude of vz, wherein, the free surface of the film is
clearly visible.
The tangential component of the velocity (vθ) is described by Eq.
(12), which implies that vθ is maximal at the free surface (r = b), and
approaches zero at the wall (r = a), where the no-slip condition holds,
as in Fig. 4c. This trend of vθ was consistent throughout the nozzle
(from z = 0 to z = exit). Fig. 4c also presents the distributions of vθ in
the cross-sectional areas of the upper chamber (left), the middle of the
convergent section (middle), and the nozzle exit (right). The magnitude
of the tangential velocity can reach up to vθ ~ 37 m/s at r = b in the
9
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Fig. 6. (continued)

Fig. 7. Effect of the initial film thickness, b̄0 , on (a) the free surface radius b, and (b) wall pressure, pwall. The initial film thickness was varied from b̄0 = 0.193 to 0.15,
denoted as Cases 3A, 3B, 3C, 3D, and 3E in Table 1. The nozzle convergence angle is αc = 45°; the orifice diameter ratio is D0/Ds = 0.3; the mass flow rate is
M = 57.3 g s−1.

upper chamber; however, vθ reduces to 13.6 m/s at the nozzle exit. It
should be noted that Eq. (12) describes vθ as a function of the radial
position r (including the free surface location r = b) and the wall
boundary (a). Even though the free surface location might be identical,
the tangential velocity at the free surface might be different if the wall
boundary location (a) is different. For example, the value of a is greater
in the upper chamber than in the orifice section and, thus, vθ at the free
surface would be larger in the upper chamber according to Eq. (12). As
a result, the free surface tangential velocity is vθ ~ 37 m/s in the upper
chamber where the dimensionless a = 1 and vθ ~ 13.6 m/s in the orifice section where a = 0.3 (i.e., D0/Ds = 0.3).

4.2. Effect of nozzle exit diameter
Fig. 5 depicts how the change in the nozzle diameter ratio (D0/Ds)
affects the location of the free surface, film thickness and pressure
distribution, with D0 and Ds being the orifice and swirling chamber
diameters, respectively, as depicted in Fig. 1c. The reduction in the
orifice diameter is shown in Fig. 5a. The free surface location and the
film thickness changed with the variation of D0/Ds. In particular, in
Fig. 5c the results demonstrate that the film thickness increased as the
ratio D0/Ds decreased. The wall pressure in the upper chamber was
constant for all cases (Fig. 5d), but decreased upon entering the
downstream part of the nozzle. When D0/Ds = 0.7, i.e. the nozzle
convergence was small, the film at the nozzle exit was still quite thick,
10
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Fig. 8. Effect of b̄0 on velocity field. (a) vz vectors. (b) vz contours. (c) vθ contours at the upper chamber (first row), the convergent part center (second row), and the
nozzle exit (third row).

which created strong centrifugal pressure against the wall, and thus the
pressure decrease was quite moderate. However, for an abrupt nozzle
convergence at D0/Ds = 0.3, the film thickness was greatly reduced in
transition from the upper chamber to the exit part of the nozzle, and
thus the pressure change was much more significant. In the exit part of
the nozzle, the film is thin and does not create strong pressure against
the wall because the centrifugal force is diminished with the liquid
mass.
Fig. 5e compares the radii a and b. The radius of the free surface b in
the converging section shown in Fig. 5b is not dramatically changing
for 0.4 ≤ D0/Ds ≤ 0.7, and is, in fact, indiscernable in Fig. 5e. Only for
D0/Ds = 0.3, the decrease and an abrupt increase in b seen in Fig. 5b is
also clearly revealed in Fig. 5e. This sudden increase in the free surface
boundary radius suggests a corresponding reduction in the film thickness as a result of the narrowing of the exit diameter of the nozzle.
Narrowing of the orifice diameter of the exit section from
D0/Ds = 0.7 to 0.4, naturally increases flow velocity, as shown in
Fig. 6a. The axial length of the convergent section varies slightly while
connecting the varying diameter of the orifice section with the upper

chamber. With reducing D0/Ds, the axial velocity increases from
vz = 0.7 to 2.3 m/s, while the radial velocity decreases from vr = 62.6
to 48.2 m/s. As a result, the cone-angle slightly decreases from β = 89.4
to 87.3°. The vector plots in Fig. 6a indicate that all velocity profiles
were parabolic in shape, yielding the maximum velocity at the free
surface (r = b) and zero velocity at the wall (r = a). The axial velocity
increased with narrowing of the orifice diameter. As mentioned earlier,
the radial component of the velocity was nearly zero within the nozzle;
v = vz2 + vr2 ~ vz. However, the centrifugal force enforces the swirling
film to generate radial velocity in the absence of the wall at the nozzle
exit. This radial velocity was maximal (vr = 62.6 m/s) at the highest
value of D0/Ds = 0.7, yielding the largest cone angle of α = 89.4° at the
nozzle exit. In contrast, when D0/Ds was reduced to 0.4, the axial velocity increased (vz = 2.3 m/s) owing to acceleration of the flow in
response to the reduced orifice diameter. Therefore, the cone angle
decreased slightly to αc = 87.3°.
In Fig. 6b, the magnitude of vz is shown for the various values of D0/
Ds. The vz magnitude increases as reducing D0/Ds at the constant mass
flow rate. Fig. 6c shows the contour levels of the tangential velocity (vθ)
11
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Fig. 8. (continued)

Fig. 9. Effect of the mass flow rate, M , on (a) the free surface radius b, and (b) wall pressure, pwall. The mass flow rate was varied from M = 12 to 1000 g·s−1, denoted
as Cases 4A–4H in Table 1. The nozzle convergence angle is αc = 45°; the orifice diameter ratio is D0/Ds = 0.3; the initial film thickness is b̄0 = 0.193.

in the upper chamber (z = 0.3), the middle convergent section
(3.15 ≤ z ≤ 3.3), and at the orifice exit (z = zmax) for the various
values of D0/Ds. In the upper chamber (z = 0.3), there is no difference
in the vθ distribution. At the orifice exit (z = zmax), the tangential velocity slightly decreased from vθ = 38.2 to 36.6 m/s when D0/Ds is
reduced from 0.7 to 0.4, as already indicated in Fig. 6a. When D0/Ds
was further reduced to D0/Ds = 0.3 (i.e., in Case 1C), the tangential
velocity was substantially reduced to vθ = 13.6 m/s. It should be noted
that Eq. (12) describes the variation of vθ as a function of the radial
location (r) and the wall boundary (a), which varies in concert with the
value of the ratio D0/Ds.

surface radius b and the wall pressure pwall. A larger value of b̄0 suggests
a thinner film as the free surface approaches the wall with fixed nozzle
geometry. When the mass flow rate is fixed and the film is thinned, a
faster moving film is produced within the nozzle. In contrast, a thicker
film with smaller b̄0 would produce a higher pressure because of the
larger liquid mass driven in swirling motion. Therefore, the wall pressure is higher when b̄0 is smaller, as observed in Fig. 7b.
Fig. 8 shows the effect of b̄0 on the velocity profile. As the film
thickens (or b̄0 diminishes), the axial velocity vz diminishes to sustain
the constant mass flowrate. The free surface (r = b) axial velocity at the
orifice exit plane is shown in Fig. 8a; vz reduces from 4.7 to 4.1 m/s.
Given that the tangential velocity (vθ) is maximum at the free surface
(r = b) according to Eq. (12), a thinner film (which is equivalent to
larger b̄0 ) would result in smaller vθ at the free surface. In Fig. 8a, the
tangential velocity reduces from vθ = 37.2 to 29.6 m/s as b̄0 changes

4.3. Effect of the initial film thickness
Fig. 7 presents the effect of the initial film thickness b̄0 on the free
12

Fuel 280 (2020) 118215

B.-H. Bang, et al.

Fig. 10. Effect of M on the velocity field. (a) vz vectors. (b) vz contours. (c) vθ contours at the upper chamber (first row), the convergent part center (second row), and
the nozzle exit (third row).

from 0.15 to 0.18 (i.e., the film is thinning). Accordingly, the radial
velocity at the exit plane at r = a also reduces from vr = 49 to 32.6 m/
s, while b̄0 changes from 0.15 to 0.18 because Eq. (44) indicates that vr
at r = a is proportional to vθ at r = b. If vθ reduces, vr also reduces.
Overall, for a thinner film (larger b̄0 ), vz increases and vr decreases at the
exit plane. As a result, the cone angle (β) decreases. Fig. 8b shows that
the axial velocity increases in the orifice section when increasing b̄0 (or
for a thinning film). Fig. 8c shows that the tangential velocity is reduced
at larger b̄0 because a film gets thinner and the corresponding free
surface (r = b) is located closer to the wall, where the no-slip boundary
condition is imposed.

4.4. Effect of mass flow rate
Fig. 9 shows the effect of the mass flow rate, M , on the free surface
radius and wall pressure distribution, with all other parameters set
constant (αc = 45°, D0/Ds = 0.3, and b̄0 = 0.193). As M increased, the
free surface radius, b, decreased, implying that the film thickness increased. In the exit part of the nozzle, the profile of b in the orifice
deviated from uniform as M decreased. When the mass flow rate was
reduced to M = 12 g·s−1, the free surface profile appeared to be
curved, albeit insignificantly. The wall pressure, pwall, is plotted in
Fig. 9b for the entire range of 12 ≤ M ≤ 1000 g·s−1. Although the mass
flow rate of M = 1000 g·s−1 is, in fact, unrealistic for the given nozzle
13
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Fig. 10. (continued)

Fig. 10 shows the velocity fields for the mass flow rate of
12 ≤ M ≤ 200 g·s−1. With increasing M , all velocity components at
the exit (vz and vθ at r = b and vr at r = a) increased and the cone-angle
(β) of the liquid film at the nozzle exit correspondingly increased. The
free surface at the orifice entrance was severely bent, almost as a jump,
in which liquid suddenly accelerated from a low to a high velocity in
the axial direction. The slight bending in the free surface with decreasing M observed in Fig. 9a is indiscernable in the vector or contour
free surfaces shown in Fig. 10. This ostensible disparity is shown because the free surface change was of the order of 10−2, which is insignificant in the length scale of Fig. 10.
The contours in Fig. 10b show that the axial velocity (vz) distribution changes with increasing M . This change in flow acceleration is
visible in the orifice section, according with the variation in the mass
flowrate. Fig. 10c shows the tangential velocity (vθ) distributions with
changing M in the upper chamber, the middle convergent section, and
the orifice exit. Clearly, vθ is higher when M is higher in the entire
nozzle.
Fig. 11 shows the three-dimensional view of the velocity vectors in
the middle convergent section and the orifice. It should be noted that
the radial velocity is nearly zero within the nozzle because there is no
radial motion of the swirling liquid inside the confining wall; only the
downward axial and tangential motions are present in the nozzle. The
magnitude of vz and vθ is maximum at the free surface because the
location of r = b is the furthest from the no-slip wall. The vectors in the
orifice presented in Fig. 11 indicate vz and vθ only at the free surface for
clear presentation.

Fig. 11. Three-dimensional view of the velocity vectors of the benchmark case,
Case 1C.

geometry, this hypothetical scenario is introduced to examine the corresponding wall pressure, which could be of the order of ~104 bar. The
higher mass flow results in the higher wall pressure. In all of the cases
considered herein, the wall pressure is substantially reduced as soon as
the liquid enters the orifice, owing to the much thinner liquid pushing
against the wall than the liquid in the upper chamber. Recall that the
mass flow rate of M = 57.3 g·s−1 is the benchmark case introduced in
Section 3.2. This produced a wall pressure of pwall ≈ 55.6 bar, as indicated in Fig. 9b.

4.5. Comparison with experiments
Fig. 12 summarizes the spray-cone angle predictions comprised of
all results obtained in all previous sections including the effect of Case
1: the nozzle convergence angle, αc, Case 2: the orifice diameter, D0/Ds,
Case 3: the initial film thickness, b̄0 , and Case 4: the mass flow rate, M .
As in Case 1, αc had no effect on β. As in Case 2A, not so with the nozzle
diameter ratio D0/Ds = 0.3, in which the spray-cone angle differs
dramatically from those for D0/Ds > 0.3. As in Case 3, when b̄0 was
14
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Fig. 12. Cone-angle prediction for the cases listed in Table 1.

from 12 to 57.3 g·s−1, beyond which M essentially had no effect on β.
Fig. 13a presents the external snapshots of the swirling liquid film
exiting the nozzle at the mass flow rates in the range of
20 ≤ M ≤ 67 g·s−1. The swirling jets pulsated in time, especially close
to the break-up end, but their shape near the nozzle exit was practically
quasi-steady. Notably, the exit cone-angle did not change over time and
thus the experimental cone-angle was estimated from the images of the
exit cone.
There are numerous empirical formulae for predicting the spraycone angle of the swirling liquid film [1,2,29–44]. Xue et al. [2]
modified the theory of Giffen and Muraszew [15] to accounted for the
specific nozzle geometry and orientation. Benjamin et al. [44] and Rizk
and Lefebvre [29] introduced empirical formulae suitable for their
operating conditions. They stated that their formulae are unsuitable for
the operating conditions outside their tested range. For these reasons,
the empirical formula of Giffen and Muraszew [45,46] presented below
appears to be the most appropriate for comparison with the current
experimental and theoretical results:

tan(2 ) =

2
1+

1

Ds D0
Nt Dt2

(51)

where,

=

(D0 /2)2 b 2
(D0 /2) 2

(52)

In Eq. (51) Nt is the number of tangential inlet ports; Nt = 3 in the
present case. The chamber diameter in the present case was
Ds = 20 mm and the exit diameter was D0 = 6 mm. The tangential port
diameter was Dt = 1.4 mm. While the geometric parameters of the
nozzle are fixed, the radius of the air cone varies with the mass flow
rate. The experimental data of the free surface locations at the exit are
unavailable, only the theory could be used to estimate b. For example,
when the mass flow rate increases, b decreases (or the film thickness
increases). Thus, Eqs. (51) and (52) suggest that as ε increases, the
spray-cone angle, β, also increases. For the mass flow rates of M = 12,
20, 35, and 57.3 g·s−1, the free surface radius at the nozzle exit was
predicted as bexit = 2.37, 2.32, 2.30, and 2.29 mm, respectively. Note
that Ds/2 = rs = 10 mm was used in all the theoretical results. From
Eq. (52), the corresponding ε and the spray-cone angle are ε = 0.376,
0.404, 0.413, and 0.417 and β = 41.68°, 41.93°, 42.01°, and 42.04°,
respectively. The changes in the spray-cone angle as per the Giffen and
Muraszew formula appear to be quite insignificant, indicating that their
empirical formula is incapable of capturing the significant spray-cone
angle change when the mass flow rate is changed from low to high, as is
evident from the experimental data in Fig. 13a. On the other hand, the
present theoretical model is capable of capturing the significant

Fig. 13. (a) Time-series snapshots of the swirling liquid film revealing the
spray-cone angle pattern with variation of the mass flow rate. (b) Comparison
of experimental and theoretical results. The orifice diameter was fixed at D0/
Ds = 0.3 for both experiment and theory.

changed from 0.193 to 0.18, the spray-cone angle revealed an abrupt
rise. For b̄0 ≤ 0.18 (i.e., at high film thickness), the spray-cone angle
increased moderately. As in Case 4, evaluation of the effect of M shows
that the spray-cone angle changed moderately when M was changed
15
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Table 2
The free surface radius b and the spray-cone angle β predicted by the present method in comparison with previous studies.
Author

Type of data

Inlet port area, Ap [mm2]

L0/Ls

D0/Ds

M [g/s]

b/D0

β [°]

Present work
Nouri-Borujerdi (Laminar) [12]
Nouri-Borujerdi (Turbulent) [12]

Theoretical
Numerical
Numerical

10

4

0.25

50

0.67
0.70
0.64

66.83
68.22
71.23

differential equation, with the solution being expressed in terms of the
nozzle geometry and flow conditions. The thickness of the swirling liquid film inside the upper chamber and exit cylindrical part of the
nozzle was predicted theoretically including the fields of the velocity
components (the longitudinal and azimuthal) and pressure. The sparycone angle of the diverging swirling liquid film at the nozzle exit was
also predicted and compared with the experimental results. The main
parameters governing the flow are the nozzle geometry (i.e., chamber
convergence angle and the exit diameter), the initial film thickness, and
mass flow rate. The mass flow rate determined the swirl strength and
the corresponding Reynolds number. The major conclusions are the
following ones: (i) the upper chamber convergence angle (αc) had
practically no influence on the film thickness at the nozzle exit. (ii)
Decreasing the exit diameter caused both the exit film thickness and
pressure to decrease, and the longitudinal velocity to increase accordingly. The spray-cone angle decreased slightly, but the change was
minimal for D0/Ds > 0.3. However, the cone angle changes abruptly at
D0/Ds = 0.3. (iii) When the initial radius of the film free surface increased (which is equivalent to a decrease in the initial film thickness),
pressure decreased because of the lesser liquid mass pushing against the
wall. Also, the initial radius of the film free surface increased, the
longitudinal velocity component increased slightly and the spray-cone
angle decreased slightly. (iv) When the mass flow rate increased, the
film thickness at the exit, the spray-cone angle and the longitudinal
velocity component increased.

Fig. 14. The free surface radius b compared with the numerical results of NouriBorujerdi et al. [12]. The line denoted a depicts the nozzle profile. The red
dashed line denoted b is the present prediction for the free surface radius. The
blue dotted line and the green dashed-dotted line are the predictions for b from
Ref. [12] (laminar and turbulent, respectively). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version
of this article.)

changes in the spray-cone angle with the mass flow rate, at least qualitatively, and not that far quantitatively. In addition, it is worth noting
that the present method is much simpler and practical because our
approach does not involve direct numerical simulation of the full Navier-Stokes equations, but rather reduces the problem to numerical
integration of a single ordinary differential Eq. (33). Therefore, the
current modeling effort is merited.
Fig. 13b presents the comparison of the experimental spray-cone
angle with the theoretical predictions and the empirical formula of
Giffen and Muraszew [45,46] in the mass flow rates of
10 ≤ M ≤ 70 g·s−1. A relatively large change in the spray-cone angle
was experimentally observed for the mass flow rate range of
10 ≤ M ≤ 30 g·s−1, while the formula of Giffen and Muraszew predicted a nearly constant spray-cone angle in this range. The theory
tended to over-predict the spray-cone for all mass flow rates. However,
the character of the change in the spray- cone angle with the mass flow
rate is better modelled by the current theory than by the empirical
formula of Giffen and Muraszew.
In addition, the results of the numerical simulations for axisymmetric laminar and turbulent flows conducted by Nouri-Borujerdi et al.
[12] have been compared with the present theoretical results in Table 2
and Fig. 14. Nouri-Borujerdi et al. [12] introduced the explicit algebraic
Reynolds stress model for the laminar and turbulent Navier-Stokes
equations and used the level set algorithm to model the interface between a swirling liquid film and an air core. Table 2 lists the nozzle
geometric parameters, the mass flow rate, the film thickness, and the
spray-cone angle at the exit. Nouri-Borujerdi et al. [12] presented two
separate results; one is for laminar and the other is for turbulent flows.
The turbulent flow reveals a thicker film because the turbulent eddy
viscosity tends to reduce the velocity magnitude and thus, the centrifugal pressure. Fig. 14 shows that the present results are in excellent
agreement with the results of direct numerical simulations of the full 3D
Navier-Stokes equations by Nouri-Borujerdi et al. [12], which confirms
the accuracy of the present approach.
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