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a b s t r a c t
A quasi-one-dimensional model was developed to describe a swirling, thin, liquid ﬁlm inside nozzles with different wall proﬁles. The model quantiﬁes the effects of swirl strength,
initial ﬁlm thickness, and Reynolds and Weber numbers on the ﬁlm thickness along the
nozzle surface. Moreover, the model allows for a rapid (at least, qualitative) evaluation of
different effects, e.g. of the swirl strength and nozzle geometry, and can serve as a benchmark case for the subsequent more involved numerical simulations. Steady-state solutions
are presented as a function of various parameters. The effect of the nozzle geometry on
ﬁlm thickness is explored. As swirling ﬂow entered the expanding (diverging) section of
the nozzle, ﬁlm thickness decreased to satisfy continuity (to conserve mass). Conversely,
ﬁlm thickness increased upon entering the contracting (converging) region of the nozzle.
Geometric effects controlled ﬁlm thicknesses much more than other ﬂow parameters. This
quasi-one-dimensional model for a swirling thin ﬁlm can be useful for designing a swirl
jet used in various industrial applications.
© 2019 Elsevier Inc. All rights reserved.

1. Introduction
Pressure-swirl atomizers have been widely used in liquid-rocket, gas-turbine, and internal-combustions engines, painting,
air-conditioning, and ﬁre suppression because they are easy to manufacture and yield high-quality atomization at a low cost
[1–6]. In combustion applications, spray-atomizer characteristics affect combustion stability and vice versa [7,8]. Operating
conditions that determine the Reynolds, Weber, Ohnesorge, and Rossby numbers, as well as nozzle geometries and ambient
conditions, affect the overall performance of pressure-swirl atomizers. Pressure-swirl atomizers must be characterized to
enable an optimization of the spray design that facilitates stable combustion.
Recently, a review paper summarized experimental, theoretical, and numerical studies on pressure-swirl atomizers [9].
Numerical studies of ﬂows in swirl atomizers are available [1,5,10–14]. Relevant theoretical studies date back to the work
of Taylor [15,16] and Binnie and Harris [17] who solved the continuity and momentum equations for swirling ﬂow within
a cylinder. Chinn [18,19] revisited the theories of Taylor and Binnie and Harris and further elucidated the details of their
∗

Corresponding authors.
E-mail addresses: ayarin@uic.edu, skyoon@korea.ac.kr (S.S. Yoon).

https://doi.org/10.1016/j.apm.2019.06.025
0307-904X/© 2019 Elsevier Inc. All rights reserved.

608

B.-H. Bang, Y.-I. Kim and S. Jeong et al. / Applied Mathematical Modelling 76 (2019) 607–616

derivation. More recently, Amini [1] applied the theory of Binnie and Harris [17] to a more complex nozzle that included
an upper swirling chamber, a middle converging chamber, and a constant-diameter exit oriﬁce. However, these theoretical
approaches characterizing internal swirling jets are limited within the scope of the works of [15] and [17]. Nevertheless,
these theoretical models are quite useful for providing boundary conditions at the nozzle exit, so that the issuing ﬂow can
be simulated with proper initial conditions. Consideration of various internal geometries of a swirl atomizer based on a
relatively simple tool is thus valuable. Operating conditions such as inertia, swirl strength, and ﬂuid surface tension could
also be considered in the model. To the best of our knowledge, this demand has not yet been satisﬁed.
This manuscript outlines a novel quasi-one-dimensional approach that characterizes thin, swirling, liquid-ﬁlm ﬂows along
the internal wall of a nozzle of an arbitrary shape. This new theoretical/numerical approach employs the continuity and
momentum balance equations in the quasi-one-dimensional approximation of [20], which reduces the 3D ﬂuid mechanics
equations using an analog of the Karman–Pohlhausen method. These governing equations in principle allow for a straightforward description of swirling thin ﬁlms ﬂowing inside an axisymmetric nozzle with arbitrary walls accounting for the inertia,
swirl, surface tension, and the gas pressure ﬂuctuations in the cavity. Note also, that the novel quasi-one-dimensional approach for the ﬁlm ﬂows in converging-diverging nozzles developed here is related to those used in the theory of free liquid
jets and ﬁlms [20], rather than to the preceding literature on nozzle ﬂows.
2. Modeling description
2.1. Physical estimates
In journal-bearing literature [21], the critical Reynolds number (Rec =20 0 0–50 0 0) corresponding to the laminar-toturbulent transition is based on the largest velocity in the liquid ﬁlm and the gap width. For radial free ﬁlms on a disk,
[22–25] theoretically predicted the laminar-to-turbulent transition at Rec =450, while [26] measured Rec =470. In the experiments of [27], water was used as the working ﬂuid with a mass ﬂow rate of M˙ =57 g/s, nozzle exit diameter of D0 =0.6 cm,
exit velocity of V0 =1.24 × 103 cm/s, and water density of ρ =1 g/cm3 and kinematic viscosity ν =0.01 cm/s. Then, the ﬁlm
thickness at the exit is: [27]

h0 =

M˙

ρπ D0V0

= 0.024 cm

(1)

Accordingly, the Reynolds number at the exit conditions is:

Reexit =

V0 h0

ν

= 2976

(2)

which is marginally higher than Rec for the comparable ﬂows mentioned above. Thus, ﬁlm ﬂow cannot be a fully developed
turbulent ﬂow. Rather, it is intermittent; presumably resembling a laminar velocity proﬁle with occasional perturbation
waves.
The values of the critical Reynolds number for the laminar-turbulent transition in the ﬁlm ﬂows can vary depending on
the particular geometry, and two different values are mentioned above: Rec =470 and 20 0 0. Note that according to [21] Rec
can be as high as 50 0 0 (which is now mentioned in the revised version). That means that irrespective of a particular
geometry, the critical Reynolds number is of the order of 103 to 104 . The estimate (2) shows that in the present case the
turbulence effects are probably negligibly small, and the ﬁlm ﬂow can be treated as laminar.
2.2. The governing equations
An axially symmetric ﬁlm ﬂows inside an axially symmetric nozzle is sketched in Fig. 1. The nozzle has an arbitrary periodically converging-diverging proﬁle. The ﬁlm can swirl about the nozzle axis, with all the ﬂow components (the swirling
and longitudinal) being axisymmetric, as well as an axisymmetric gas ﬂow through the nozzle being also possible. Gas
pressure is assumed to depend on the axial location, x, and time, t, i.e., pgas (x, t) is known.
The longwave approximation is assumed, i.e., ﬁlm thickness, h, is assumed to be much smaller than the characteristic
longitudinal scale, L (cf. Fig. 1), which allows one to recourse to the quasi-one-dimensional approximation. The nozzle shape
is speciﬁed as R(x).
In the quasi-one-dimensional approximation, the continuity equation expressing the mass balance for the ﬁlm is [20]:

∂h
1 ∂ Rhv̄s
+
=0
∂ t Rλ ∂ x

(3)

where h(x, t) is the ﬁlm thickness, vs (x, t ) is the average cross-sectional longitudinal velocity in the ﬁlm reckoned along the
nozzle generatrix, and the generatix “stretching ratio” is related to the nozzle radius as:



 2
dR
λ = 1+
,
dx

(4)
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Fig. 1. Sketch of a ﬁlm ﬂowing inside a periodically converging-diverging nozzle.

Here, the analog of the Karman–Pohlhausen method is used [28–30] with the longitudinal and swirling velocity proﬁles
being assumed locally parabolic:

vs = A(x, t )y + B(x, t )y2
vθ = C (x, t )y + D(x, t )y2

(5)

where y is the coordinate reckoned normally inward from the inner nozzle wall, and functions A, B, C, and D are described
below.
The preceding velocity proﬁles (5) satisfy the no-slip conditions at the nozzle wall, y = 0, where both vs and vθ vanish.
The tractions imposed at the ﬁlm surface by the gas are typically negligibly small compared to the internal stresses in the
liquid, because the liquid viscosity is at least two orders of magnitude higher than that of the gas. Accordingly, the shear
stresses at the ﬁlm surface should vanish:


∂ vs 
= 0,
∂ y y=h


∂ vθ 
=0
∂ y y=h

(6)

Together, Eqs. (5) and (6) yield B=−½A/h and D=−½C/h, and thus:





y2
y2
vs = A(x, t ) y −
, vθ = C (x, t ) y −
2h

2h

(7)

From the preceding equations:

v̄s (x, t ) =

1
h



h
0

vs dy =

A(x, t )h
.
3

(8)

Thus, Eqs. (3) and (8) yield the continuity equation as:

∂h
1 ∂ Ah2 R
+
=0
∂ t 3Rλ ∂ x

(9)

Note that the axially symmetric continuity equation in cylindrical coordinates is [29]:

∂ r vr ∂ r vx
+
=0
∂r
∂x

(10)

where r is the radial coordinate, and vr and vx are the radial and axial velocity components, respectively.
Because in the quasi-one-dimensional approximation the nozzle radius varies gradually, vx ≈ vs , ∂ /∂ r ≈ −∂ /∂ y, and r ≈
R in the ﬁlm, and integrating Eq. (10) yields:



vr ≈

0

y

∂ vs
dy
∂x

(11)

This equation, combined with the ﬁrst Eq. (7) and accounting for the fact that in a thin ﬁlm h ∼ y, yields:

vr ≈

y2 ∂ A
3 ∂x

(12)

It should be emphasized that in the longwave quasi-one-dimensional approximation used here, the term which involves
multiplication of two derivatives in x, e.g., (∂ A/∂ x)(∂ h/∂ x) is negligibly small compared to the terms which were retained.
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Consider now the radial projection of the Navier–Stokes equation in cylindrical coordinates [29]. For strongly swirling
ﬂows in the ﬁlm, the leading-order effect is due to the centrifugal acceleration. Hence, the radial projection of the Navier–
Stokes equation reduces to:

∂ p ρv2θ
=
∂r
r

(13)

where p is the pressure in the liquid ﬁlm.
In the quasi-one-dimensional approximation in a thin liquid ﬁlm, ∂ /∂ r ≈ −∂ /∂ y and r ≈ R, which transforms Eq. (13) into:

ρv2
∂p
=− θ
∂y
R

(14)

Integrating this equation and applying the boundary condition for the pressure at the ﬁlm surface that includes capillary
pressure, yields:

p=−

ρ



R

y
h

v2θ dy + pgas (x, t ) −



σ ∂ 1 ∂h
λ ∂x λ ∂x

(15)

where σ is the surface tension.
Assuming constant pressure across the ﬁlm in the ﬁrst approximation, it yields in the average:

p=

ρ
R



h
0

v2θ dy + pgas (x, t ) −



σ ∂ 1 ∂h
λ ∂x λ ∂x

(16)

Substituting the second Eq. (7) into Eq. (16) and evaluating the integral over y, one obtains results in:

2 ρ h3 C 2
+ pgas (x, t ) −
p̄ =
15 R



σ ∂ 1 ∂h
λ ∂x λ ∂x

(17)

Consider now the azimuthal projection of the Navier–Stokes equation in cylindrical coordinates [29]. In the quasi-onedimensional approximation in a thin liquid ﬁlm in the light of Eq. (12), the leading terms of this equation reduce to:

ρ

∂ vθ
∂ 2 vθ
=μ
∂t
∂ y2

(18)

where μ is the liquid viscosity.
Substituting the second Eq. (7) into Eq. (18) and integrating across the ﬁlm yields the following equation for the
“swirling” function, C:

∂C
3C
= −ν 2
∂t
h

(19)

Similarly, the longitudinal projection of the Navier–Stokes equation in cylindrical coordinates [29] in the quasi-onedimensional approximation for a thin liquid ﬁlm, accounting for Eq. (12), yields:

ρ

∂ p̄
∂ vs
∂ 2 vs
=−
+μ 2
∂t
∂x
∂y

(20)

Substituting the ﬁrst Eq. (7) into Eq. (20) and integrating across the ﬁlm yields the following equation for the “longitudinal” function, A:

3 ∂ p̄
∂A
3A
=−
−ν 2
∂t
ρh ∂ x
h

(21)

Combining Eqs. (9), (17), (19) and (21) results in a system of three partial differential equations describing the interrelationship between h(x, t), C(x, t) and A(x, t):

∂h
1 ∂ Ah2 R
+
= 0,
∂ t 3Rλ ∂ x
 
λ=

1+

∂C
3C
= −ν 2
∂t
h

dR
dx

2

,




3 ∂
∂A
2 ρ h3 C 2
σ ∂ 1 ∂h
3A
=−
+ pgas (x, t ) −
−ν 2
∂t
ρ h ∂ x 15 R
λ ∂x λ ∂x
h

(22)

(23)

(24)
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The initial and boundary conditions are:

h(x, 0 ) = h0 ,
C (x, 0 ) = C0 ,
A(x, 0 ) = A0 ,

(25)

and

h(0, t ) = h0 (t ) ,
C (0, t ) = C0 ,
A ( 0, t ) = A0 ,

(26)

where the nozzle entrance is x = 0. Also, h0 , C0 and A0 are constants, and
at the nozzle entrance.
The thin-ﬁlm volumetric ﬂow rate at the nozzle entrance is:

Q (t ) =

h0 ( t)

describes perturbations in the ﬁlm thickness



2π

RλAh2 
3
x=0

(27)

The parameters in the governing equations are rendered dimensionless using the following scales: A−1
for t, h0 for h, A0
0
for A and C, the entrance radius of the nozzle R0 for R and x, ρ h0 R0 A20 for pgas , and R0 h20 A0 for Q. Then, Eqs. (22)–(27) take
the following dimensionless form (where overbars are omitted for brevity):

∂h
H0 ∂ Ah2 R
+
= 0,
∂ t 3Rλ ∂ x
 
λ=

dR
dx

1+

2

,

(28)

3 C
∂C
=−
∂t
Re h2



3 2
3 ∂
1 1 ∂ 1 ∂h
3 A
∂A
2 2 h C
=−
H
+ pgas (x, t ) −
−
∂t
h ∂ x 0 15 R
We λ ∂x λ ∂x
Re h2

(29)

(30)

h(x, 0 ) = 1,
C (x, 0 ) = M0 ,
A(x, 0 ) = 1,

(31)

h(0, t ) = H 0 (t ),
C ( 0 , t ) = M0 ,
A ( 0, t ) = 1,
Q (t ) =

(32)

2π 0
H (t )
3

2



λ

(33)

x=0

The dimensionless groups in Eqs. (28)–(33) read:

H0 =

h0
,
R0

Re =

h20 A0

ν

,

We =

ρ R30 A20
C0
, M0 =
σ
A0

(34)

where Re and We denote the Reynolds and the Weber numbers, respectively, and all the parameters can be independently
varied, in principle, in experiments.
The dimensionless function H0 (t)=h0 (t)/h0 can be, for example:

H 0 (t )= 1 + 0.1sin(ωt ),

(35)

where frequency ω is rendered dimensionless by A0 .
Eqs. (28)–(30) require only the upstream boundary conditions and can be integrated using an appropriate marching
numerical method. They were numerically integrated subject to the initial conditions (31) and the boundary conditions (32)
and (35). The integration interval in x was 0 ≤ x ≤ , where the nozzle length
was rendered dimensionless by R0 , i.e.
=L/R0 .
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Fig. 2. Film thickness, h, variation in the axial direction, x, for nozzle geometries with dimensionless amplitude, ε , from 0.1 to 0.9. Here, H0 =0.0 0 01 and
Re=30 0 0. (a) The nozzle proﬁles for ε =0.1, 0.5, and 0.9. (b) The temporal evolution of the solutions for ε =0.5 with the steady state being achieved by
t = 4 × 105 . (c) Steady-state solutions for 0.1≤ε ≤0.9. (d) Film-thickness change, h=hmax −hmin as a function of ε . The calculations were conducted with
H0 (t) ≡ 1, which guarantees that a steady-state exists.

3. Results and discussion
Assume a periodically converging-diverging nozzle proﬁle as:

R(x ) = R0 (1 + ε sin x )

(36)

where x was rendered dimensionless by R0 and ε is a dimensionless amplitude.
Assuming negligible gas compressibility throughout the nozzle, Bernoulli’s equation relates gas pressures and velocities:

pgas (x ) = p0 +

ρgasV02,gas
2

−

2
ρgasVgas
(x )

2

(37)

where p0 is the gas pressure at the nozzle entrance, ρ gas is the gas density, and V0,gas is the gas velocity at the nozzle
entrance.
Assuming a constant volumetric gas ﬂow rate, Qgas , the mass balance speciﬁes the gas ﬂow velocity as:

V0,gas =
Vgas =

Qgas

π R20

,
Qgas

π

ε sin(x )]2

R20 [1+

.

(38)

Substituting Eqs. (38) into Eq. (37), one obtains the dimensionless gas pressure in the following form:

pgas (x ) = P + W 1 −

1
[1 + ε sin (x )]

4

(39)
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Fig. 3. Liquid ﬁlm thickness distributions for various H0 and Re. (a) The effect of H0 on h at ε =0.1 and Re=30 0 0. (b) The effect of Re on h at ε =0.1 and
H0 =10−5 . (c) The effect of H0 on h at ε =0.9 and Re=30 0 0. (d) The effect of Re on h at ε =0.9 and H0 =10−5 . The calculations were conducted with H0 (t) ≡
1, which guarantees that a steady-state exists.

Fig. 4. Longitudinal distribution of the ﬁlm thickness h for various swirl strengths, M0 , for ε =0.1, H0 =0.01, and Re=100. The calculations were conducted
with H0 (t) ≡ 1, which guarantees that a steady-state exists.
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Fig. 5. (a) The non-sinusoidal nozzle geometry with various throat curvatures determined by d from the 0.2 ≤ d ≤ 0.5 range. (b) The ﬁlm thickness
distribution h for different d at H0 = 1.0 × 10−5 and Re = 30 0 0. (c) The effect of H0 on h at d = 0.3 and Re = 30 0 0. (d) The effect of Re on h at d = 0.3 and
H0 = 1.0 × 10−5 .

with the additional dimensionless groups being:

P=

p0
,
ρ h0 R0 A20

W =

2
ρgas Qgas

2
2 π R20 ρ h0 R0 A20

(40)

It should be emphasized that the additional normal stresses acting on the ﬁlm from the gas ﬂow are of the order of

2 , whereas the shear tractions imposed of the ﬁlm by the gas ﬂow are of the order of μ
ρgasVgas
gas Vgas /h, where μgas is the
gas viscosity, The ratio of the former to the latter is of the order of Regas = ρ gas Vgas h/μgas . Taking for the estimate air as the

gas, Vgas ∼ 10 m/s and h ∼ 1 mm, one obtains Regas ∼ 103 , which shows that the viscous tractions of air are negligibly small
compared to the additional normal stresses. Moreover, the results discussed below show that even the latter are immaterial
in the present case compared to the other effects.
Fig. 2(a) shows the nozzle proﬁles corresponding to Eq. (36) for ε =0.1, 0.5, and 0.9. The nozzle length is 2π to comprise
a full sine period. The nozzle diverges at 0 < x<π /2, converges at π /2< x< 3π /2, and then diverges again up to the exit
location at x = 2π . The initial dimensionless ﬁlm thickness was taken as H0 =0.0 0 01, resulting in an extremely thin swirling
ﬁlm. Fig. 2(b) shows the temporal evolution of the dimensionless ﬁlm thickness over the entire nozzle under consideration.
The ﬁlm thickness decreased slightly at the beginning of the nozzle (0 < x <0.4). Then the ﬁlm thickness increased downstream up to x = 3.6 in the converging section, and then decreased and increased again from about x = 5.5. The steady-state
ﬁlm thickness was achieved by t = 4.0 × 105 . Fig. 2(c) illustrates how steady-state distributions of the ﬁlm thickness h vary
with ε along the nozzle. It is interesting to note that the ﬁlm thickness variation is not entirely concerted with the nozzle
proﬁle variation. For example, the ﬁlm thickness begins to decrease from about x = 3.6 − 4 still in the converging part of
the nozzle. Fig. 2(d) summarizes changes in h ( h=hmax −hmin ) with ε . An increase in the amplitude of the nozzle proﬁle
variation magniﬁes the ﬁlm thickness variation, albeit the latter was never more than 15% of h0 .
Fig. 3(a) and (b) illustrates how the ﬁlm thickness varies along the nozzle at different values of H0 and Re, respectively,
at ε =0.1. The observed trends are similar to those in Fig. 2, but the longitudinal variation in h is magniﬁed as the values of
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H0 and Re increased. A minimal longitudinal variation in h was observed for H0 <10−5 and Re<10 0 0. When the amplitude
of the nozzle proﬁle variation increased to ε =0.9 as in Fig. 3(c) and (d), the longitudinal variation of h also increased. The
effect of the Weber number appeared to be negligible in the 103 <We<107 range (the corresponding results are not shown
here). The predicted minimal inﬂuence of the surface tension is consistent with the ﬁndings of [17].
Fig. 4 depicts the predicted longitudinal distribution of the ﬁlm thickness h for several swirl strengths, M0 =C0 /A0 (M0 =0
would correspond to the absence of swirl, and the increasing values of M0 correspond to the increasing swirl). Changing M0
at Re>500 had minor effect on h. However, for Re=100 and the initially thick ﬁlm at the nozzle entrance, H0 =0.01, increasing
M0 slightly decreased the longitudinal variation in h and slightly shifted the positions of the minima and maximum.
Fig. 5(a) demonstrates the nozzle shapes for different curvatures, with d = 0.2, 0.3, 0.4 and 0.5. This nozzle shape is
not deﬁned by a sinusoidal wave of Eq. (36), but rather is comprised of a ﬂat surface on top and deep ‘valleys’ toward the
centerline of the nozzle. The throat of the nozzle is formed near the centerline from which the dimensionless d is reckoned,
as indicated in Fig. 5(a). This nozzle is periodic in shape with the dimensional period of x = 2, with two periods being
simulated up to xmax = 4. Fig. 5(b) illustrates the effect of d on the ﬁlm thickness, h. The thickness increases and decreases
when the nozzle converges and diverges, respectively, at H0 = 1.0 × 10−5 and Re = 30 0 0, but the thickness variation is not
entirely concerted with the nozzle proﬁle, as in Fig. 2. Fig. 5(c) and (d) shows the effect of H0 and Re on h, respectively.
When the value of H0 and Re increases, the ﬁlm thickness variation along the nozzle is magniﬁed.
4. Conclusion
The quasi-one-dimensional approximation based on the Karman–Pohlhausen method was used to obtain the simpliﬁed continuity and momentum balance equations. These equations were used to model swirling thin ﬁlm ﬂows within a
converging-diverging nozzle. It was shown that the steady-state longitudinal variation of the ﬁlm thickness h along the
nozzle is not entirely concerted with the converging-diverging nozzle proﬁle. Also, as the amplitude of the nozzle proﬁle
variation was increased, the longitudinal variation in the steady-state ﬁlm thickness also increased. An increase in the ratio
of the entrance ﬁlm thickness to the nozzle radius and in the Reynolds number had a similar effect on h. On the other hand,
the swirling strength had a relatively minor effect on h, albeit at the lower Reynolds number of 100, the longitudinal distribution of the ﬁlm thickness was deformed at an increased swirl strength. The effect of the Weber number was negligible in
the 103 <We<107 range. It should be emphasized that the quasi-one-dimensional approximation is valid for thin liquid ﬁlms
and slowly varying nozzle radius, which at least, prevents ﬂow separation. Nozzles with abrupt change in the generatrix and
thick ﬁlm ﬂows require another approach. This work is underway, and will be presented in the subsequent publication.
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