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a b s t r a c t
Herein, we discuss the fundamental aspects of the deﬂagration-to-detonation transition
(DDT) phenomenon in the framework of the analytical theory. This semi-empirical approach facilitates prediction of the pressure rise and the shock wave speed for a given fuel
type and concentration, which may be of signiﬁcant interest for the design and assessment
of petrochemical plants by ﬁeld-safety engineers. The locally observed DDT phenomenon
explored in the present experiments is also discussed, and the measured pressure rise is
compared with the theoretical predictions.
© 2018 Elsevier Inc. All rights reserved.

1. Introduction
Deﬂagration-to-detonation transition (DDT) occurs under circumstances such as those in underground coal mine explosions and in accidents that accompany transmittance and storage involving pipe ﬂows in petrochemical or liqueﬁed
natural gas plants. Though DDT accidents are infrequent, they are still very dangerous and generally lead to a catastrophic
loss of life and property. Because DDT is accompanied by extremely high pressures, its aftermath leads to devastating
structural damage. Therefore, it is essential to estimate the effect of DDT for quantitative risk analysis of petrochemical
plants. Hydrogen accumulation due to unexpected leaks in nuclear power plants is also a potential route to a DDT accident.
The fundamentals of the theory of detonation were established in the classical works of Rankine, Hugoniot, Lord
Rayleigh, Chapman, and Jouguet [1]. The seminal theoretical and experimental works of Landau, Zel’ dovich, and Shchelkin
laid the foundations of the modern analytical theory of DDT. The key physico-chemical and aerodynamic elements are
described in the fundamental texts [2,3], whereas the comprehensive analytical theory of DDT is presented in a monograph
[4]. Two comprehensive reviews of the Soviet and American research related to DDT were published in 1973 and 1984 in
[5,6]. A review of experimental and numerical studies on detonation and DDT can be found in Ref. [7].
Laser systems were used as a light source for stroboscopic Schlieren imaging to capture the DDT phenomenon [8].
The shock fronts, ﬂame, and the DDT images were captured, in turn leading to the explanation of DDT as a phenomenon
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associated with the transformation and instability of the turbulent ﬂame front following the leading shock wave. The fuel
concentration limits that sustain the detonation phenomenon were investigated [9], and the effect of the tube geometry on
DDT was studied [5,10,11].
The classical explanations of DDT are centered on ﬂame acceleration as the triggering mechanism. Two factors were
proposed to be responsible for this acceleration: ﬂame turbulization accompanied by signiﬁcant growth of the ﬂame area,
and thus the rate of combustion [4] and Zeldovich’s mechanism involving a gradient ahead of the ﬂame front or at the
ﬂame front responsible for ﬂame stretching [3,12]. Numerical two-dimensional (2D) solutions of the reactive Navier–Stokes
equations for laminar ﬂows in channels with obstacles at the walls revealed that diffracting shocks reﬂecting from the wall
and colliding with an obstacle, or collision of the leading shock with the obstacles, create hot spots ahead of the ﬂame,
which produces detonation according to Zeldovich’s gradient mechanism [13]. Numerical 2D and 3D simulations also reveal
that the surface area of the ﬂame increases due to shock-ﬂame interactions, and the Rayleigh–Taylor, and Kelvin–Helmholtz
instabilities, as well as ﬂame-vortex interactions in the obstacle wakes, while the Richtmyer–Meshkov instability is triggered
by shock-ﬂame interactions [14].
These mechanisms of ﬂame stretching are essentially complementary to Shchelkin’s direct ﬂame turbulization mechanism. More recent numerical simulations by the same group led by Oran [15,16] fully corroborate these ﬁndings, essentially
providing a detailed account of ﬂame-stretching mechanisms that result in DDT in channels with rough walls.
Enhanced dissipation near rough channel walls can increase the near-wall temperature, which results in ﬂame stretching
in a tulip-like form and near-wall thermal explosion, i.e. DDT [17–19]. Note that the near-wall dissipation initially leads to
ﬂame acceleration. Being ignited at the pipe axis, the ﬂame initially takes a ﬁnger-like shape and accelerates because of the
increase in the ﬂame area. Then, such ﬂame decelerates before tulip-like ﬂame forms due to ﬂame-wall interactions [20–22].
Recently [23], Kagan and Sivashinsky revealed that with a single reaction, the compression in the pre-heat zone ahead of
the ﬂame does not reach the ignition threshold, which invalidates Zeldovich’s gradient mechanism of DDT in this case. As
a possible remedy, formation of an expanding wrinkled ﬂame is proposed, which could essentially be linked to Shchelkin’s
mechanism of DDT. As a supplementary mechanism triggering DDT, Sivashinsky and coworkers [24,25] discussed dissipation
due to hydraulic resistance in the framework of a 1D model, where this dissipation results in additional pre-heating and
pre-compression of the fuel-oxidizer mixture ahead of the ﬂame, which in turn could cause thermal explosion, and thus
DDT. This 1D mechanism of thermal gas explosion between the ﬂame front and the leading shock wave is essentially
similar to the 2D near-wall thermal explosion described in Refs. [17–19].
Liberman et al. [26] studied DDT based on experiments and numerical solutions of the 2D reactive Navier–Stokes equations for a hydrogen-oxygen mixture, accounting for the detailed chemical kinetics. Their experimental ﬁndings revealed
that DDT begins as a localized thermal explosion of gas between the ﬂame front and the leading shock wave. Their 3D
numerical solution of the laminar ﬂow problem showed that DDT can be caused by accelerated ﬂame stretching along
the channel walls, leading to steepening of the shock ahead of it and formation of a high-pressure pulse before the ﬂame.
That is, the DDT mechanism is postulated to involve positive feedback between the pressure rise and the chemical reaction
ahead of the ﬂame, resulting in thermal explosion under laminar ﬂow conditions. The DDT mechanism under the conditions
studied in Refs. [26,27] differs from Zeldovich’s gradient mechanism of DDT. Despite the different conditions, the ﬂame
restructuring and acceleration are in agreement for both cases, as demonstrated by the experimental and numerical studies
by the same group [28]. Liberman and coworkers [29,30] also showed that accounting for the detailed chemical kinetics
increases the induction time of the pre-ﬂame chemical reaction, in contrast with the predictions from a single Arrhenius
reaction, which invalidates Zeldovich’s gradient mechanism of DDT, as also illustrated in Ref. [23]. Under special conditions,
when light-adsorbing particles are dispersed in a gaseous fuel-oxidizer mixture, radiation heat transfer from the ﬂame zone
creates the temperature gradient required for Zeldovich’s gradient mechanism of DDT [31–33].
Poludnenko et al. [34] suggested a critical turbulent ﬂame speed as a determining criterion for the onset of DDT. Kagan
and Sivashinsky [35] numerically explored the effect of the boundary conditions on the DDT process in circular tubes.
Ciccarelli and Dorofeev [36] also suggested a criterion for ﬂame acceleration and DDT. They explored the effect of obstacles
on ﬂame acceleration. They also explained the effect of the mixture composition and the initial temperature and pressure
on the critical expansion ratio between the unburned and burned gases and the formation of a supersonic combustion
regime by introducing the ﬂame thickness effect.
Theoretical and numerical predictions related to the effect of detonation-triggered explosion on pipeline bending were
presented and the data were compared with the experimental data [37,38].
The experimental and numerical approaches considered above mostly deal with narrow pipes and laminar regimes. On
the other hand, DDT in wide pipes with turbulent combustion and ﬂow has rarely been addressed in these studies. Even
though turbulence might not be required for DDT in narrow smooth pipes, for wide pipes with turbulent combustion, the
associated Shchelkin’s mechanism of DDT remains a viable and realistic option, and is essentially unaffected by the recent
laminar modeling appropriate for narrow smooth pipes. In engineering practice, an immediate assessment of possible DDT
in wide pipes with turbulent ﬂow is highly desirable, which can be achieved in the framework of the theoretical approach
discussed in the present study.

334

B.-H. Bang et al. / Applied Mathematical Modelling 66 (2019) 332–343

Fig. 1. (a) Gasdynamic pattern of the three domains characteristic of ﬂame propagation in wide pipes according to Refs. [3,4]. (b) A non-gasdynamic
element: ﬂame turbulization that can trigger the deﬂagration-to-detonation transition (DDT) [4].

2. General physical aspects of DDT
A ﬂame propagating in a wide pipe issues hot products of combustion. Thermal expansion of the latter causes the ﬂame
front to essentially act as a piston, which compresses the fresh fuel-oxidizer mixture ahead of the ﬂame front. As a result,
the propagating ﬂame front, as a propagating piston, generates ahead compression waves. These waves move with the local
speed of sound, i.e. faster than the ﬂame front. Accordingly, the distance between the ﬂame front and the ﬁrst compression
wave increases. Moreover, the compression waves that follow the preceding compression waves over the fresh mixture move
faster, as the gas is already adiabatically compressed (and thus, heated) by the preceding waves. As a result, the following
compression waves generated by the propagating ﬂame reach the preceding ones, and thus, form a shock wave [4,39].
Accordingly, the pipe becomes subdivided into three domains (Fig. 1(a)): (1) the fresh fuel-oxidizer mixture ahead of
the shock wave, (2) the compressed fuel-oxidizer mixture between the ﬂame (the deﬂagration) front and the shock wave,
and (3) the reaction products. Therefore, the ﬂow pattern involves two discontinuity fronts: the shock wave, and the ﬂame
front (Fig. 1(a)). It should be emphasized that in the shock wave, the fresh mixture is compressed (i.e., the shock wave is
a compression wave), and the compression is non-isentropic as it is accompanied by dissipation due to viscous losses. On
the contrary, the deﬂagration wave (the ﬂame front), is a rarefaction wave as the combustion products behind it expand
due to heat released by the combustion reaction in the ﬂame. Without this heat release, the existence of rarefaction
waves is forbidden by the Zemplen theorem. However, with chemical heat release, rarefaction waves can occur, and the
deﬂagration wave is a manifestation of this phenomenon. It should be emphasized that the ﬂow pattern depicted in Fig.
1(a) can be treated in the framework of the ’gasdynamics’ approach in the one-dimensional approximation, namely, using
the Rankine–Hugoniot jump conditions [4,40], as described in Sections 2.1 and 2.2.
The DDT occurs when the deﬂagration front (Fig. 1(a)) begins to accelerate and approaches the shock wave (Fig. 1(a))
[3,4]. Thereafter, the shock wave with the adjacent deﬂagration front forms the detonation wave, which propagates with the
velocity determined using the Jouguet condition, i.e., with the steady-state velocity corresponding to the tangency of the
Rayleigh and Hugoniot lines. Herein, however, the focus is on the transient DDT rather than on the steady-state detonation.
The acceleration of the deﬂagration wave leading to DDT results from an increase in the ﬂame front area, which
effectively increases the overall rate of combustion; nevertheless, the combustion mechanism of the latter can stay the
same or even incorporate additional kinetic paths triggered by higher temperatures, elevated by compression [3,4].
Accordingly, the normal speed of combustion determined by the Zel’dovich–Frank–Kamenetsky formula [3,39] can
vary due to kinetics changes, but the deﬂagration mechanism stays essentially the same. However, the ﬂame front area
can dramatically increase due to (i) Landau–Darrieus instability [4, 41,42], an especially important factor in narrow pipes
with relatively low Reynolds numbers, (ii) ‘isothermal’ ﬂow turbulence (characteristic of ﬂows in wide pipes with high
Reynolds numbers) according to Shchelkin’s mechanism of DDT [4], (iii) artiﬁcial ﬂow turbulization (such as increasing
wall roughness) [3,4], and (iv) the turbulence generated by the ﬂame itself [4]. Due to all these factors acting in concert or
separately, the ﬂame front becomes undulating, as illustrated in Fig. 1(b). This factor can trigger ﬂame acceleration under
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the non-gasdynamic conditions discussed in Section 2.3. These conditions together with the gasdynamics represented by
the equations in Section 2.1 lead to DDT according to Shchelkin’s mechanism. It should be emphasized that ‘gasdynamic’, is
a conventional term [1] that refers to the Rankine–Hugoniot approach involving jump conditions, whereas ‘non-gasdynamic’
refers to all the phenomena triggered by the dissipation effects and instabilities, which stem from the ‘gasdynamic’ skeleton,
and go beyond. Note that these deﬁnitions and terminology are standard and common.
2.1. Gasdynamic pattern of ﬂame propagation in pipe from a closed end or symmetrically from an ignition center inside the pipe
The gasdynamic pattern, which is founded on the basic gasdynamics principles, is discussed in full detail in Ref. [4].
Here, we summarize the main results relevant in the present context and explain how they are inter-related and follow
one another. The more detailed derivations are available in Ref. [4]. A ﬂame propagating in a pipe from a closed end leaves
behind stagnant combustion products, corresponding to the absolute velocity of the gas in domain 3 (Fig. 1(a)), where
u+
= 0 (here and hereinafter, the notations of Ref. [4] are used). It should be emphasized that the gasdynamic approach
3
adopted in the present and the following sections lumps all the parameters over domains 1 − 3 (Fig. 1). Thus, the boundary
condition at the closed pipe end requires u+
to be zero over all of domain 3. The Rankine–Hugoniot jump conditions on
3
the shock wave and ﬂame fronts in Fig. 1(a), i.e., the jump conditions for the mass, momentum, and total energy, can then
be rearranged into the form of Eq. (1).
The density of the compressed mixture behind the shock wave, ρ 2 , follows the relation:

σ=

κ +μ
κμ + 1

(1)

where μ = p2 /p1 (with p1 being a given pressure before the shock wave, and p2 being the pressure of the compressed gas
between the shock wave and the ﬂame front; μ ≥ 1), σ = ρ 1 /ρ 2 (with ρ 1 being a given mixture density before the shock
wave, and ρ 2 being the density of the compressed mixture between the shock wave and the ﬂame front; σ ≤ 1); the
dimensionless parameter κ = (γ + 1)/(γ − 1), where γ = cp /cv is the adiabatic index, i.e., the ratio of the speciﬁc heat at
constant pressure to the speciﬁc heat at constant volume. It should be emphasized that the same value of γ is used for
each domain represented in Fig. 1(a).
The absolute velocity of the compressed mixture behind the shock wave and before the ﬂame front, w, follows the
relation:



w
= (μ − 1 )
c1

2

(2)

γ [(γ − 1 ) + μ(γ + 1 )]

where c1 is the speed of sound before the shock wave (a known parameter). It should be emphasized that here and
hereinafter, the absolute velocity is reckoned relative to the tube wall.
The pressure behind the ﬂame front (the deﬂagration wave), p3 , follows the relation:

π3 =




μ κ − σ3 /σ + 2γ Q/ c12 μσ
  
κσ3 /σ − 1

(3)

where π3 = p3 / p1 , with p3 being the pressure in the combustion products behind the deﬂagration wave, σ3 = ρ1 /ρ3 with ρ 3
being the density of the combustion products behind the deﬂagration wave, and Q being the heat released in the ﬂame front.
The ﬂame velocity relative to the compressed mixture behind the shock wave, u+ follows the relation:

u+
=
c1




π3 /μ − 1 μσ


1 − σ3 /σ γ

(4)

It should be emphasized that in the gasdynamic approach adopted here, the ﬂame (like a shock) is considered as a
discontinuity. This approximation has been very fruitful in multiple problems related to combustion and DDT theory [3,4]
due to the relatively low thickness of the laminar ﬂame compared to the other sizes involved. In the case of turbulent
combustion, the ﬂame front becomes wider, but is still assumed to be much smaller than the pipe diameter and the lengths
of domains 1 − 3 (Fig. 1).
An additional relation for the density ratios involving the absolute ﬂame velocity, U, is as follows:

w
σ
=1−
σ3
U

(5)

The expression for U resulting from the Rankine–Hugoniot conditions for the total energy is described by:



U2
Q
+U
−w
γ −1
w

γ

γ −1

−

3
2

−

c12
w2
μσ + Q +
γ −1
2

=0

(6)

It should be emphasized that if the pressure jump at the shock wave μ = p2 /p1 is given (as it will be provided by
the non-gasdynamic condition related to ﬂame turbulization discussed in Section 2.3), then the value of σ = ρ 1 /ρ 2 (i.e.,
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essentially the density, ρ 2 , of the mixture compressed by the shock wave and preceding the ﬂame front) is found from
Eq. (1). The absolute velocity of the compressed mixture, w, is then found from Eq. (2) and the absolute velocity of the
deﬂagration wave (the ﬂame front), U, is found from Eq. (6). Thereafter, the ratio σ3 = ρ1 /ρ3 (i.e., essentially the density
ρ 3 of the combustion products) is found from Eq. (5) and the value of π3 = p3 / p1 (i.e., essentially the pressure p3 of the
combustion products) is found from Eq. (3). The ﬂame velocity relative to the compressed mixture behind the shock wave
u+ is then found from Eq. (4).
2.2. Gasdynamic pattern of ﬂame propagation in pipe from an open end
When the deﬂagration front propagates from an open end of a pipe, the pressure in the combustion products p3 = p1
(where p1 is the pressure of the unperturbed mixture before the shock wave). Accordingly, π3 = 1. For a given pressure
jump at the shock wave μ = p2 /p1 , the value of σ = ρ 1 /ρ 2 (essentially the density ρ 2 of the mixture compressed by the
shock wave and preceding the ﬂame front) is found from Eq. (1). Thereafter, the absolute velocity of the compressed
mixture w is found from Eq. (2). Using the fact that now π3 = 1, Eq. (3) takes the following form:




μ κ − σ3 /σ + 2γ Q/ c12 μσ
  
1=
κσ3 /σ − 1

(7)

The latter equation is used to ﬁnd the ratio σ3 = ρ1 /ρ3 , i.e., essentially the density ρ 3 of the combustion products. Note
also that U = u+ + w.
It should be emphasized that the pressure jump at the shock wave μ = p2 /p1 will be provided by the non-gasdynamic
condition related to ﬂame turbulization discussed in Section 2.3, which will also determine the condition under which the
deﬂagration front propagating from the open end of the pipe would accelerate and transform into a detonation wave (DDT).
2.3. Flame turbulization
Multiple factors are known to affect the effective ﬂame area and thus the normal velocity of a turbulent ﬂame.
Speciﬁcally: (i) Landau–Darrieus instability, (ii) ‘isothermal’ ﬂow turbulence generation in pipe ﬂows with high Reynolds
numbers, (iii) artiﬁcial ﬂow turbulization with increasing wall roughness (e.g., that generated by Shchelkin spirals used to
create varying surface roughness, (iv) the turbulence generated by the ﬂame itself, (v) ﬂame interaction with the near-wall
boundary layer and pressure waves, resulting in ﬁnger ﬂames, tulip ﬂames, etc., (vi) obstacles that conﬁne the ﬂow and
act to accelerate the ﬂame and to interrupt the ﬂow path, which leads to turbulence and additional ﬂame acceleration
[4,40–43]. In wide pipes, turbulence increases the ﬂame area compared to that caused by laminar combustion, which
results in ﬂame acceleration and DDT [4]. The normal effective velocity of a turbulent ﬂame u+ can be determined from
the sum of the normal laminar ﬂame velocity, which is entirely determined by the physico-chemical factors [the Zel’
dovich–Frank–Kamenetsky formula [3,39]] un , the velocity related to the ‘isothermal’ turbulence [generated by the ﬂow or
some turbulizers, e.g., special roughness located at the pipe wall, and all the other factors listed above [4,40–43]], v , and
the velocity related to the turbulence produced by the ﬂame itself [the third term on the right-hand side in Eq. (8)]:



u+ = un + v +


σ3 − 1
√

3

un 1 −

u2n

u+2

1/2

(8)

The last two terms on the right-hand side of Eq. (8) can be approximately lumped together using the semi-empirical
constant C [4]:

u+ = un + C v

(9)

Turbulent pulsations in the compressed mixture behind the shock wave moving with an average velocity w are approximated as v = Kw, where K is the so-called von Karman number, also a semi-empirical parameter. Accordingly, Eq.
(9) yields:

u + =

u+ − un
= KCw
un

(10)

At the beginning of a potential DDT event, the shock wave is weak, and thus p = (p2 − p1 )/p1 < <1. Thus, Eq.
(2) yields:

w=

c1

γ

p

(11)

Combining Eqs. (10) and (11), we arrive at the following non-gasdynamics [based on Eq. (10)] relation between p and

u + :

p =

γM
CK

u +

where M = un /c1 is the Mach number based on the normal velocity of a laminar ﬂame (a known physical parameter).

(12)
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Table 1
Thermo-physical properties of several fuel-oxidizer mixtures and the corresponding values of the turbulence parameter C guaranteeing DDT at K = 0.05 in
the case of ignition near the closed end of a pipe or at its center, according to Eq. (14).
Fuel-oxidizer mixture

C2 H2 + O2

2H2 + O2

CH4 + 2O2

6.3% CH4 + 93.7% air

un [m/s]
q
M
qM
C

10
24.2
3.17 × 10 − 2
0.765
0.42
1.28

10
8.96
1.94 × 10 − 2
0.174
2.74
1.4

3.4
13.8
1.02 × 10 − 2
0.14
1.70
1.31

0.12
9.35
3.6 × 10 − 5
0.0034
2.98
1.4

γ

It should be emphasized that the semi-empirical approach to turbulence considered in the present section lumps the
entire effect of turbulence into a single empirical parameter, the turbulence parameter C, given in Table 1. Turbulent
combustion, like practically any other turbulent ﬂow, is a highly dynamic and complex process. The reduction of such a
process to a single parameter (or to 5 empirical constants as in the k-ε turbulence model, or to many more empirical
constants, as in its multiple offshoots), means that an ensemble-averaged point of view is taken, while particular realizations can deviate from this approach. Speciﬁcally, DDT may or may not occur at the predicted threshold in a particular
case; however, statistically, it is expected to occur, which provides a guide for engineering practice. Moreover, the lumped
approach to ﬂow description over domains 1 − 3 (Fig. 1) taken in Sections 2.1 and 2.2 deﬁnitely disregards the detailed
three-dimensional turbulent ﬂow structure and would be incapable of predicting localized hot spots, resulting in triggering
of DDT in domain 2, as predicted by laminar modeling of channels with exaggerated obstacles at the walls (e.g., in Refs.
[13,14]). Nevertheless, turbulence provides much stronger mixing and averaging as exempliﬁed by the velocity proﬁle over
the channel cross-section (cf. the parabolic Poiseuille velocity proﬁle with the practically plug-one averaged turbulent
velocity proﬁle). Therefore, for a coarse estimate of DDT, one should not expect that the inaccuracy introduced by the
spatial domain averaging in Sections 2.1 and 2.2 goes beyond the inaccuracy of the ensemble averaging discussed above,
and the results should be understood as statistically relevant, albeit possibly missing some particular cases. Note also that
the present lumped approach would be inaccurate if hot spots or strong compression zones are generated in the boundary
layers near the pipe walls, as have been demonstrated in the laminar modeling of DDT in channels with obstacles [13,14].
Here, we adopt the original point of view of Shchelkin, supported by multiple experimental data on DDT in wide pipes,
where the main role of the boundary layers is in generating turbulence that is rapidly transported to the ﬂame due to the
turbulent mixing and is essentially lumped in the turbulence parameter C given in Table 1.
Note also that at the beginning of a potential DDT event, deﬂagration also results in p = (p1 − p3 )/p1 <<1. Accordingly,
for ignition near the closed end of a pipe or at its center, from Eqs. (1)−(6) (see Section 2.1), it is possible to demonstrate
the following relation [4]:

p =

qM (u+ + 1 )
1 − qM/γ

(13)

where q = Q/(cv T1 ) = γ (γ − 1)Q/c12 is a given physical parameter of the fuel-oxidizer mixture (the dimensionless heat release
in the ﬂame), with T1 being a given temperature of the mixture before the shock wave.
Comparison of Eqs. (12) and (13) shows that an increase in p results in an increase in u + and vice versa, i.e., results
in DDT, if the following condition holds in the case of ignition near the closed end of a pipe [4]:

1

γ

(qM + qCK ) ≥ 1

(14)

Eq. (12) reveals that:

μ=1+

Mγ
CK

u+
−1
un

(15)

Once the condition set forth by Eq. (14) is satisﬁed, iterations are performed using Eqs. (12) and (13), revealing how DDT
occurs. The pressure and velocity both increase during the iterations. Once the detonation velocity is reached, the iterations
stop, at which point all of the DDT parameters in Eqs. (1)–(6) can be found.
Similarly, in the case of ignition near the open end of a pipe, the gasdynamic formula presented in Section 2.2 yields
the following relation [4]:

 p = qM2 (u+ + 1 )2

(16)

which replaces Eq. (13).
Accordingly, the DDT condition replacing that of Eq. (14) in this case is as follows [4]:

4qMCK

γ

>1

(17)

This condition is more diﬃcult to fulﬁll than that of Eq. (14), which means that it is more diﬃcult to reach DDT when
igniting a ﬂame near an open pipe end as compared to ignition near the closed end or at the pipe center.
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It should be emphasized that all the conditions for DDT (Eqs. (14) and (17)) are accompanied by the requirement that
the ﬂow behind the shock wave is turbulent, i.e., that the Reynolds number based on the pipe diameter (or its equivalent
diameter) d is large enough, i.e., Re = wd/ν > 2300, with ν being the molecular kinematic viscosity of the fuel-oxidizer
mixture. This condition is deﬁnitely fulﬁlled in suﬃciently large tubes.
Moreover, in relation to the DDT, the difference between a large pipe with a circular cross-section and a large tunnel
(with a semi-circular cross-section) is mostly determined by the corresponding value of the semi-empirical parameter C
in Eqs. (14) and (17). If the pipe and the tunnel have the same equivalent diameter, the value of C will seemingly be
larger for the tunnel, which has a more complicated shape and is thus prone to generate more turbulence. Based on this
simple argument (still deserving of experimental veriﬁcation), the tunnel is more prone to DDT than a pipe with the same
equivalent diameter.
3. Results and discussion
3.1. Transitional characteristics of DDT
The constants related to the thermo-physical properties of several fuel-oxidizer mixtures (namely, acetylene (C2 H2 )-, hydrogen (H2 )-, methane (CH4 )-oxygen, and methane (CH4 )-air mixtures) are summarized in Table 1. Note that the inﬂuence
of chemistry on the ﬂame acceleration and its role in DDT is fully lumped in the turbulence parameter C given in Table 1.
Note that the lowest value of C and the highest value of qM for the acetylene (C2 H2 )-oxygen mixture induce the most
energetic DDT, according to Eq. (14). It should be emphasized that DDT may arise earlier than predicted by Eq. (14), as
Eq. (14) does not account for the turbulence generated by the ﬂame itself. Conversely, DDT may be delayed as compared
to that predicted by Eq. (14), as Eq. (14) does not account for the cooling of the combustion products on the surrounding
walls. The cooling effect may appear during slow acceleration of a ﬂame in a narrow pipe. It should be emphasized that the
theory presented in Section 2.3, which was used to calculate the results shown in Fig. 2, is the instability theory. Essentially,
it produces time-dependent results, and thus all the parameters presented in Fig. 2 are inter-related through time, which
serves as the common parameter.
The laminar ﬂame velocity (un ) from Table 1 was used to compute the relative ﬂame velocity (u+ ). The relationship
between p and u+ is given by Eqs. (12) and (13), which describe the instability leading to DDT. Both p and u+
depend on time as a common, inter-relating parameter. Fig. 2 compares the pressure ratios (μ = p2 /p1 and π3 = p3 /p1 )
and the density ratio (σ3 = ρ1 /ρ3 ) predicted for DDT in the acetylene (C2 H2 )-, hydrogen (H2 )-, and methane (CH4 )-oxygen
mixtures, and in the methane (CH4 )-air mixture case. Both μ and π3 increased as u+ increased for all cases. The value of μ
was much greater than that of π3 , indicating that p2 , the pressure of the compressed gas between the shock wave and the
ﬂame front, is signiﬁcantly higher than the pressure of the combustion products. This shows, as expected, that the ﬂame
is essentially a rarefaction wave due to the combustion reaction heat released in it. The increase in μ (or p2 ) was most
prominent in the case of the acetylene-oxygen mixture, a shown in Fig. 2(a). On the other hand, the increase in μ was the
smallest for the methane-air mixture (Fig. 2(d)) due to interference from species other than oxygen in the air. This makes it
clear that the DDT phenomenon depends strongly on the oxidizer type. The corresponding density ratio decreased (σ3 ) as
u+ increased, which indicates that the density of the combustion products (ρ 3 ) increased, while approaching the maximum
detonation velocity (Dmax ); note that the detonation velocity D is described by:

D/c1 = {[(γ + 1 )μ + (γ − 1 )]/2γ }1/2

(18)



Notably, the value of σ 3 approaches unity, whereas the detonation velocity reached Dmax , which indicates that the
density of the combustion products (ρ 3 ) became equal to the density of the mixture before the shock wave (ρ 1 ) near the
end of the transition.
Fig. 2 shows that the velocities D, U, and w increased for all cases subsequent to the increase in u+ . Hydrogen has the
highest velocities of detonation, ﬂame, and compressed mixture behind the shock wave (D, U, and w, respectively). The
methane-air mixture (Fig. 2(d)) gives rise to the lowest velocities because of the relative lack of oxygen during combustion.
The ﬂame velocity is deﬁned by U = u+ + w, and thus U is always higher than w. Initially, the ﬂame velocity U is equal to the
velocity of the compressed mixture gas behind the shock wave, w. However, as u+ increases, U also increases, and eventually
the ﬂame velocity U reaches the detonation velocity, D. All these computations were stopped when the maximum detonation
velocity Dmax was reached, corresponding to Dmax = 2363, 2800, 2320, and 1650 ms−1 for Fig. 2(a)–(d), respectively [4,43].
It should be emphasized that the present theory relates the deﬂagration-to-detonation transition to the ﬂame instability
and turbulization. The upper limit of the characteristic time of this process is t ∼ d/(2π un ) where d is the pipe diameter
[3]. Accordingly, the evolution of all the parameters presented in Figs. 2 corresponds to this time interval. Taking for the
estimate d = 5 cm and un = 10 m/s, one ﬁnds t ∼ 1 ms, and with D ∼ 2500 m/s, the transition length would be on the scale
of 2.5 m, i.e. 50 pipe diameters, which is a plausible estimate of the upper limit [3].
3.2. Comparison with experimental data
Fig. 3 presents a comparison of the theoretical predictions of the pressure (p2 ) rise with the experimental data for several methane and hydrogen concentrations in the mixtures for the steady-state case. Notably, the newly developed model is
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Fig. 2. DDT characteristics for cases with: (a) acetylene (C2 H2 )-, (b) hydrogen (H2 )-, (c) methane (CH4 )-oxygen mixture, and (d) methane (CH4 )-air mixture.
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Fig. 3. Comparison of pressure (p2 ) rise from experimental data in Refs. [43,44] with theoretical predictions for: (a) methane and (b) hydrogen combustion.
Note that p2 is the compressed gas pressure between the shock wave and ﬂame front in domain 2.

capable of predicting the transition, as demonstrated in Fig. 2, whereas the theory implemented in Refs. [43,44] is capable of
predicting the steady-state case only. For the theoretical predictions in Fig. 3(a), the experimental values of the laminar ﬂame
velocity, detonation velocity, and detonation pressure from Refs. [43,45] were used. The experimental data for the pressure
rise in Ref. [43] was reported to have an error margin of about ± 0.3 MPa because of the possibility of an igniter problem during the experiment near the stoichiometric ratio. Nevertheless, the agreement between the predictions and the data in Fig.
3(a) appears to be reasonable, albeit with minor distinctions attributed to the heat loss associated with radiation from soot.
For the hydrogen-containing mixtures (Fig. 3(b)), the experimental values of the laminar ﬂame velocity, detonation
velocity, and detonation pressure p2 were adopted from Refs. [44,46,47]. The comparison of the predictions with the data is
quite accurate in this case, which implies that the absence of soot during hydrogen combustion minimized the uncertainty
level in the experimental measurements.
It should be emphasized that the experiments presented in Ref. [43] with detonation initiation in the pipes revealed detonation waves propagating close to the limiting sonic Chapman–Jouguet regime. The present predictions of the pressure (p2 )
rise depicted in Fig. 3 agree with this set of data, and thus essentially point at instability, leading to the Chapman–Jouguet
regime. Note, that this is the upper limit, and under certain conditions, the experiments and numerical simulations revealed
initiation of the detonation waves before this condition is fulﬁlled. Speciﬁcally, detonation waves can also be preliminary
initiated in three-dimensional pockets between the shock and deﬂagration waves that result from non-uniformity, extreme
turbulence with localized high-pressure zones, etc. (i.e., essentially by the thermal explosion mechanism responsible for
knocking in spark ignition engines) [48]. In such cases, the present analytical theory would be inapplicable and a detailed
numerical investigation is required.
3.3. Prediction of DDT
Fig. 4 shows the experimental images of the DDT phenomenon during hydrogen combustion inside a compartment that
was initially ﬁlled with 22.5% hydrogen and 77.5% air in our previous experiments [49]. According to our previous experiment [49], the measurement was quite reliable with an uncertainty level of less than 8%. The same pmax and nearly the
same impulses and effective duration within the variation of 8% were ensured. The pressure (100 kHz), a high speed video
(30 0 0 frames per second, fps), and a high deﬁnition (HD) video (30 fps) were recorded for this test. A total of seventeen
dynamic pressure gauges captured the pressure history within and outside the experimental apparatus. These images were
acquired with a high-speed camera at a frame rate of 30 0 0 fps. Fig. 4(a) and (b) present the time series snapshots with
an interval of 0.7 ms. The dimensions of the compartment were 7.3 × 14.6 × 3.7 m3 . About two-hundred cylindrical pipes
with diameters of 5 cm were regularly aligned inside the compartment, corresponding to the congested-space scenario.
These columnar pipes are visible behind the white plastic ruptured sheet in Fig. 4. When the hydrogen gas inside the
compartment was ignited, blasting waves and ﬂames were unleashed, which ruptured the white plastic sheet covering the
front of the compartment. During the ﬂame blasting, the congested-space with the pipes in the compartment promoted
local turbulization and caused sporadic DDT phenomena, resulting in subsequent pressure build-up; Fig. 5 illustrates
this phenomenon. It should be emphasized that this experiment is quite different from that illustrated in Fig. 1, which
considered a gas-ﬁlled tube in which blasting waves propagate. On the other hand, in the experiment depicted in Fig. 4, the
entire compartment was ﬁlled with hydrogen gas, i.e., the entire compartment played the role of the pipe of Fig. 1. At the
same time, the vertical pipelines were purposely installed to create congested conditions, which facilitated turbulization.
The seminal work of Shchelkin demonstrated that even tiny obstacles installed inside a pipe of the type shown in Fig.
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Fig. 4. Locally observed (the circled areas) DDT phenomenon during hydrogen combustion inside a compartment that was initially sealed with white plastic
covers, which were detached after combustion. The hydrogen concentration was 22.5% and the air concentration was 77.5%. Note that the compartment
was ﬁlled with cylindrical pipelines, leading to congestion. Both left and right ends of the compartment, as well as the back-side, are unyielding closed
walls. Ignition was initiated by a spark from the back wall. The high-speed CCD camera was operated at 30 0 0 frames per second. The velocity of the
pressure wave was estimated to be around 1700 m/s.

Fig. 5. Flame turbulization induced by obstacles in a congested area.

1 greatly facilitate turbulization of the gas ﬂow, and thus, the DDT. The same role, to an even greater extent, is played by
the obstacle pipes inserted in the compartment in Fig. 4. In particular, in some local areas encircled in Fig. 4, detonation was
observed due to enhanced turbulization arising from the designed congestion with numerous vertical pipelines. Namely, the
two images in Fig. 4 were acquired almost simultaneously. The hot spots are marked with circles at the top boundary of
the compartment. These hot spots were further investigated with locally installed pressure sensors at a regular interspace
distance. The locations of the pressure sensors are described in our previous report [49].
When the pressure rise was detected at a sensor, the second closest sensor also measured a similar pressure rise at a
measurable time delay. Because the inter-sensor distance was known and the time between the ﬁrst and second detection
was known, the velocity of the pressure wave could be estimated, i.e., about ∼ 1700 ms−1 for both images in Fig. 4(a)
and (b).
The DDT was explored using a fuel-oxidizer mixture comprising 22.5% H2 and 77.5% air. The ﬂame velocity used for
the predictions was 1700 ms−1 , as in the experiment. The value of the coeﬃcient C was 3. The pressure rise during the
experiment was measured to be about 0.7 MPa, whereas the theoretically predicted p3 was found to be about 0.74 MPa
with a laminar ﬂame velocity of 1.1 ms−1 [46,50]. Thus, the agreement is quite close. Note that p3 is the pressure of the
combustion products in domain 3 in Fig. 1.
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4. Conclusion
The analytical DDT theory was shown to accurately predict the pressure rise and the shock wave speed, being congruent
with the empirical data. The developed theory predicts the transitional characteristics of DDT, which may develop during
ignition of ﬂammable gas leaks in a petrochemical power plant. Hazard and Operability Review (HAZOP) is required for
the safety design of petrochemical plants, for which prediction of the overpressure using the developed theory can provide
an accurate estimation for hypothetical accident scenarios. Both the theory and experiments showed the highest value
of the compressed gas pressure to be around p2 = 1.7 MPa for methane and hydrogen. The theory was also capable of
predicting the pressure of the combustion products behind the deﬂagration front for hydrogen combustion (p3 ∼ 0.7 MPa)
with suﬃcient congruence with the experimentally measured value. This predictive capability of the DDT theory should be
of practical interest to ﬁeld-safety engineers for the design and assessment of petrochemical plants.
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