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An axisymmetric boundary element method has been used to simulate primary atomization of a
liquid jet including the effects of the orifice passage geometry. A ring vortex is placed at the orifice
exit plane; its strength and location are uniquely determined by the local boundary layer
characteristics at this locale. Using this methodology, nonlinear simulations are performed that
include hundreds of individual atomization events. A linear analysis due to Ponstein is used to
estimate the number of droplets formed from individual rings of fluid which are pinched from the
periphery of the jet. Numerous results have been obtained to assess the effects of fluid parameters
and orifice design on droplet sizes and atomization characteristics. Predicted droplet sizes show
agreement with some limited experimental data. ©2004 American Institute of Physics.
@DOI: 10.1063/1.1629301#

I. INTRODUCTION

The hydrodynamic instability of liquid jets has been of
great interest to fluid dynamicists for more than 100 years.
Despite the numerous analytical, experimental, and numeri-
cal studies over the years, high-speed jet flow is too complex
to be understood completely. Unfortunately, the high-speed
jet application is one of great interest because many practical
devices rely on highly atomized sprays to accomplish maxi-
mum efficiency. In this case, experimental observations of
the jet surface are nearly impossible as it is obscured by the
droplet field surrounding the liquid core. Droplets pinched
off from the liquid surface are subject to secondary atomiza-
tion in higher-speed jets. In addition, collisions between one
droplet and another enhance the complexities of the jet at-
omization process. These phenomena are greatly dependent
on the initial flow condition near the nozzle exit.

Two upstream flow conditions that may affect the initial
flow condition at the nozzle exit are turbulence and cavita-
tion. While DeJuhasz1 claimed that turbulence may be the
most important factor in jet breakup process, it was later
shown by Bergwerk2 that the turbulence eddy viscosity in the
applicable range of Reynolds numbers is not large enough to
cause the disintegration of the jet. Bergwerk suspected that
cavitation was the main source that produces an amplitude
large enough to cause the jet breakup.

In the absence of cavitation and the substantial reduction
of turbulence fluctuations through the use of a nozzle geom-
etry promoting highly favorable pressure gradients3 atomiza-
tion is still known to occur. This suggests that there are other
mechanisms that contribute to the disintegration of the jet.
Relaxation of the boundary layer as the fluid leaves the no-
slip region inside the injector and enters a free-surface

boundary condition has long been recognized as a potential
contributor to atomization. Velocity profile relaxation results
in a point of inflection in the velocity profile, which is invis-
cidly unstable according to Rayleigh’s theorem~see
Schlichting4 and Panton5!; vortices start to form at the point
of inflection and cause a roll-up at the critical layer and even-
tually the instability.

Rupe6 observed the velocity profile relaxation has a key
role in influencing the jet breakup. The boundary layer insta-
bility analysis by Shkadov7 predicted the unstable short
wavelength of the free surface of the jet. More recently, Gor-
dillo et al.8 performed a linear stability analysis on a coaxial
jet and showed instability mechanisms due to velocity profile
relaxation as being dominant over Kelvin–Helmholtz modes
for all but the thinnest of boundary layers.

Many of today’s atomization theories stem from the clas-
sic Kelvin–Helmholtz instability mechanism attributed to
aerodynamic interactions between the liquid and gas. Reitz
and Bracco9 observed a substantial difference in the atomi-
zation mechanism when the liquid jet was injected in differ-
ent gases and Wuet al.10 have also reported a change in
droplet size for primary atomization when a different gas
density was tested for the same liquid jet.

These experiments on turbulent jets make it difficult to
assess the potential contributions of underlying instabilities
contributed by the boundary layer relaxation mechanism. Us-
ing a carefully manufactured orifice, Hoyt and Taylor3 were
able to image this instability successfully as shown in Fig.
1~a!. These researchers noted no discernable trends in this
instability with changes in air velocity; a point consistent
with Shkadov’s theory and Gordilloet al.’s findings. In the
presence of turbulence, the axisymmetric wave growth at the
orifice exit plane may be lost; thereby providing an explana-
tion for the lack of observation by other experimentalists,
i.e., the presence of boundary layer-driven wavegrowth may
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not be immediately obvious and could be attributed to other
mechanisms.

In a later paper by Hoyt and Taylor,11 they claimed that
axisymmetric waves observed in cavitating flow over bluff
body show similar wavelengths to those observed in their
water jet experiment. Brennen12 had performed linear bound-
ary layer instability analysis of Rayleigh’s equation and de-
rived the nondimensional frequency,g50.175, to be the one
that gives the maximum amplification at flow separation
point. Usingg50.175 for Hoyt and Taylor’s case, the theo-
retically predicted primary wavelength waslp5(1/14.8)d,
whered is the orifice diameter. The experimentally observed
primary wavelength waslp5(1/13.8)d as shown in Fig.
1~b!. The comparison between theory and experiment was
very good. A recent study13 has shown that the aerodynamic-
based linear theories tend to underpredict the wavelength for
this particular condition.

Based on the evidence from these researchers, the notion
that boundary layer instability is responsible for the axisym-
metrically disturbed waves near nozzle exit is too compelling
to ignore. For this reason, we have investigated the effect of
boundary layer thickness at the nozzle exit on the liquid jet
under high-speed injection conditions.

While the entire numerical method is based on the po-
tential theory, vorticity convected from the boundary layer to
the free surface can be simulated using a potential ring vor-
tex whose effects are combined with the bulk orifice flow.
This is traditionally known as superposition theory and is
somewhat similar to what has been known as the ‘‘vortex-
method’’ ~see Chorin14–16! series of singular vortices. The

following section provides a description of the model, fol-
lowed by parametric studies to address the influence of ori-
fice length, jet speed, and Weber number on the resultant
nonlinear jet evolution and droplet size characteristics.

II. MODEL ELEMENTS

The model is based on an unsteady axisymmetric poten-
tial flow of a liquid exiting a round orifice in the absence of
a gas-phase medium. A bound ring vortex is utilized to simu-
late viscous effects associated with vorticity in the boundary
layer formed in the orifice passage. Figure 2 provides a sche-
matic representation of the geometry and appropriate nomen-
clature. Vortices induce motion/instability near the nozzle
exit ~i.e., axisymmetrically disturbed waves! and eventually
cause the jet to break up into a turbulent flow. However, the
flow at the nozzle exit can be nearly laminar if a highly
contracted nozzle geometry induces a favorable pressure
gradient.11 Since the filament vortex-ring is located exactly at
the nozzle exit, the computational nodes near the nozzle exit
see induced velocities from the presence of the vortex ring
with nodes lying the closest to the exit seeing the greatest
disturbance velocities. This seems contradictory to the ob-
served laminarized flow as shown in Fig. 1. In reality, it takes
some time and distance for the rollup motion to develop and
therefore the relaxation length is present regardless of the
flow regime. For this reason, a cutoff for the superimposition
method of the filament vortex-ring is introduced using the
stationary Rankine vortex model.17 The size of the Rankine
vortex ~i.e., Rc in Fig. 2!, whose center is located at the
upper corner of the nozzle exit, has little effect on droplet
size and thus this is the parameter that can be set at the user’s
convenience. Little variation in the axial pinch-off location is
observed forRc,0.4.18 We have setRc50.3 so that the
computational nodes at the near nozzle exit are not affected
by the induced motion. This is essentially setting the Rankine
vortex size to be the relaxation length,Rc' l r . It should be
noted that the relaxation length can be scaled with the nozzle
length,l .6,19A vortex ring of strengthGv and overall radiusr̄

FIG. 1. ~a! Typical water jet into air in the atomization regime. Experimen-
tal image by Hoyt and Taylor~Ref. 3!. ~b! Closeup picture shows the most
dominant wavelengthlp5d/13.8 while Brennen’s theory predictslp,B

5d/14.8. Printed under the permission of the Journal of Fluid Mechanics.

FIG. 2. Schematic of the initial jet geometry indicating computational nodes
and the vortex ring used to represent the boundary layer at the orifice exit
plane.
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is assumed to lie at the orifice exit plane. A computational
domain represented by a simple cylindrical column of length
zl with a hemispherical cap is selected to initialize the cal-
culation. Constant nodal spacing,Ds is employed along this
domain and nodes are added as the jet issues forth from the
orifice. We choose the liquid density,r, jet average exit ve-
locity, U, and orifice radius,a as dimensions in the problem.

The formulation of the BEM starts with the integral rep-
resentation of Laplace’s equation,¹2f50, with f being the
velocity potential. Following Liggett and Liu,20 the integral
form for this relation is

af~r i !1E
V
Ff ]G

]n̂
2qGGdV50, ~1!

wheref(r i) is the value of the potential at a pointr i , V is
the boundary of the 3D domain, andG is the free space
Green’s function corresponding to Laplace’s equation. A
second-order accurate formulation for solving Eq.~1! based
on linear elements is discussed in prior works.21–23,18

Contributions from the ring vortex can be obtained
through the principle of superposition for potential flow.
Since the Laplacian governing equation is linear, we may
superpose the bulk potential flow with the potential vortex-
ring:

f t5f1fv , ut5u1uv , ~2!

whereuv is the induced velocities due to vortex ring that can
be obtained from the Biot–Savart law.24–26Analytical solu-
tions have been developed for a potential vortex ring by
applying the Cauchy–Riemann equation to the stream func-
tion and by direct evaluation of the Biot–Savart law. The
solutions of the stream function approach is available in the
Appendix. Here ( )t represents the general or ‘‘total’’ solu-
tion of the jet flow. The solution of the vortex ring can be
obtained by direct evaluation of Biot–Savart law.26

The unsteady Bernoulli equation provides the free sur-
face boundary condition.27 This condition provides a connec-
tion between the inertial, hydrostatic, and capillary forces at
the interface. Because the surface curvature,k depends non-
linearly on the surface shape, the overall expression is non-
linear. Using the nondimensionalization described previ-
ously, the appropriate dimensionless form is

Df

Dt
5

1

2
uutu22ut•uv2

k

We
2Pg1

Bo

We
z, ~3!

wherePg is the dimensionless gas-phase pressure~assumed
to be zero in the present studies!, and We and Bo are the
Weber and Bond numbers characterizing the flow: We
5rU2a/s and Bo5rga2/s. Equation ~3! is marched in
time using a fourth order Runge–Kutta time integration. The
curvature~k! of the highly distorted surface is determined
with full fourth-order accuracy as well.28 The location of
nodes on the free surface~i.e., z and r ) is calculated by
integrating the respective velocity components in time using
the same fourth-order Runge–Kutta scheme.

Nodes are repositioned along the distorted surface using
cubic splines,29 and nodes can be added~due to fluid exiting
the nozzle! or removed~due to atomization events! without

user intervention. The tolerance~«! for the distance (dbi)
between the binary computational nodes is 50% of the mesh
spacing (Ds). We assume the atomization event whendbi

,«. The results are insensitive to this pinch-off criteria. The
current ‘‘high-speed’’ atomization simulation is more suscep-
tible to numerical instability than prior low-speed atomiza-
tion simulations. In the ‘‘necking’’ region where a droplet is
pinched-off node velocities can exceed 2–7 times that of the
jet speed and therefore numerical smoothing is crucial to
prevent the numerical instability. We have chosen the filter
function by Longuet-Higgins and Cokelet;30 this filter that is
designed to eliminate sawtooth point-to-point modes. The
velocity potential and its normal derivative~i.e.,f andq) are
filtered during the time integration.

The centroid of the vorticity of the viscous flow is re-
garded as the center of the vortex-ring. The definition of the
centroid of the vorticity, weighted in the radial direction is

r̄ 5
* r 50

r 51rvdr

* r 50
r 51vdr

~4!

and the vorticity,v, is defined as

v5
]v
]z

2
]u

]r
, ~5!

whereu andv are the velocities in axial and radial direction,
respectively. Assuming]v/]z'0, i.e., parallel flow at the
orifice exit plane, the centroid can be written as

r̄ 5
*u(r 50)

u(r 51)rdu

*u(r 50)
u(r 51)du

. ~6!

Substituting the definition of the displacement thickness,
d1 ,31 into Eq. ~6! and applying integration by parts give the
following result:

r̄ 512d1 . ~7!

d1 can be approximated using a Navier–Stokes solution of
the internal flow, or appropriate analytical methods such as
the Blasius solution31 for a flat-plate or Thwaites32 integral
method.

The vortex strengthGv is defined as the circulation that
is taken about any path enclosing the vortex-ring,

Gv5 R u•dl, ~8!

whereu is the internal flow velocity of the injector orifice
and l is the integration path. The integration is performed in
the region near the orifice exit; prior studies have shown that
the shear layer thins rapidly upon departure from the orifice
as the boundary layer relaxes to a free-surface condition
from the no-slip condition within the nozzle.22 We assume
that the length of the region corresponds to a single wave-
length of the disturbance. Furthermore, if we assume a
purely axial flow along this region, then we can approximate
the velocity on the inner surface of the region asU, the
orifice exit velocity. Finally, if we assume the velocity on the
upper surface is zero in connection with the no-slip boundary
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condition at the start of the region, the integration of Eq.~8!
gives the following dimensionless circulation for the path we
have chosen:

Gv5Dz, ~9!

whereDz is the length of the region in question. We assume
that this length scale is equivalent to the most unstable wave-
length,lp , as identified by Brennen.12 Gv is always positive
and will induce counterclockwise motion~this is based on
the upper half of the flow going from left to right!. Equations
~7! and ~9! uniquely determine the location and strength of
the vortex from first principles. No additional calibration
constants are used in the formulation.

By setting Dz5lp predicted by Brennen’s result, we
presume that the linear theory provides the correct distur-
bance wavelength for the problem. The implications of this
assumption are addressed in parametric studies in the follow-
ing section. Thelp observed in Hoyt and Taylor’s case11 is a
function of the momentum thicknessd2 , scaled by the pa-
rameterg50.175. Presuming a high contraction ratio of the
nozzle reduces the turbulence fluctuation, Hoyt and Taylor11

assumed a laminarized flow over a flat plat and therefore
they utilized the Blasius31 solution to approximate the mo-
mentum thickness.

Gv5lp5S 2p

0.175D d2 . ~10!

Addition of the Biot–Savart law to the inviscid jet of
BEM is expected to cause instability at the free surface that
eventually forms a series of toroidal ligaments pinched off
from the main body of the jet. Using Gauss’ divergence theo-
rem, we have transformed the surface integral to a line or
contour integral and therefore have obtained the cross-
sectional area of the ligaments as well as the centroids of the
area. We have obtained the volume of the ligaments using the
theorem of Pappus–Guldinus33 which relates a volume of
revolution to its generating cross-sectional area.

III. MODELING SECONDARY INSTABILITY

The nonlinear wavegrowth in high-speed liquid jets and
in droplet splashing problems leads to a fully 3D surface that
is beyond the capabilities of the axisymmetric model dis-
cussed in the prior section. Unfortunately, most of the data
available for comparison of these complex flows are in the
form of droplet size distributions. For this reason, we were
motivated to incorporate a capability to assess the stability of
liquid rings of fluid shed from the periphery of the axisym-
metric jet simulated using the model. Certainly there are a
large number of precedents for this approach in the atomiza-
tion literature as analysts struggled with methodologies to
permit preditions of drop sizes from linear results. Readers
should be aware that the real phenomenon is more complex
and that 3D behavior is evident prior to pinching of annular
rings of fluid.

With these caveats in mind, we consider the annular liga-
ments as equivalent circular rings with the same liquid vol-
ume. Figures 3~a! and 3~b! highlight experimental and simu-
lated ligaments near the point of pinch-off. The circulation

around the ring surface is computed at the point of pinch-off
and is incorporated in the stability analysis. Droplets are as-
sumed to form from secondary instability on these annular
ligaments shed from the periphery of the jet. The linear sta-
bility analysis pertinent to this situation was due to
Ponstein34 ~1959!. Ponstein’s work not only had extended
Rayleigh’s35,36 analysis to include gas-phase effects, but also
considered column rotation~swirl! in an analysis published
long before Sterling and Sleicher19 ~1975!, and even before
Levich37 ~1962!.

Ponstein had considered two cases: a rotating liquid col-
umn in gas phase and a rotating bubble~or gas! column in a
liquid surrounding for the second case. A uniform liquid col-
umn in vacuum is well known by Rayleigh35 who predicted
the most dominant wavelength,ls54.51d. Rayleigh36 also
considered a uniform bubble column in liquid whose solu-
tion is

v25
s

ra3 ~12k2a2!j
K1~j!

Ko~j!
, ~11!

wherew5wr1 iwi ~i.e., wr5growth rate,i 5A21, andwi

5frequency of oscillation!, s5surface tension of the liquid,
r5 liquid density, a5orifice radius, k5wave number
52p/ls ~i.e., ls5wavelength),j5ka, K1(j) and Ko(j)
are modified Bessel functions of the second kind. This equa-
tion predicts a most unstable wavelength,ls56.48d. For an
axisymmetric rotating bubble column~based onevt), Pon-
stein gives the following result:

v25F s

ra3 ~12k2a2!2S G

2pa2D 2Gj K1~j!

Ko~j!
, ~12!

whereG is the circulation around the ring~or column! which
can be estimated asG5(2pa)Vu from Saffman.38 HereVu

is the tangential velocity of the ring surface. For a nonrotat-
ing case~i.e., G50), Eq. ~12! recovers Rayleigh’s result in
Eq. ~11!. In this case, circulation has a stabilizing influence
as indicated by the negative sign on theG term. The faster it
rotates, the more stable the bubble ring is. The detailed dis-

FIG. 3. ~a! Closeup of the actual Hoyt and Taylor’s water jet~Ref. 3!.
Printed under the permission of Journal of Fluid Mechanics.~b! The closeup
of the model result for Hoyt and Taylor’s water jet.
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cussion of Eq.~12! is available in Lundgren and Mansour39

where they had modeled the evolution of the bubble vortex-
ring using the boundary integral method.

Ponstein gives the following result for the second case
he had considered, a rotating liquid column in gas:

v25F s

ra3 ~12k2a2!1~12e!S G

2pa2D 2Gj I 1~j!

I o~j!

1eU2k2
I 1~j!

I o~j!

Ko~j!

K1~j!
. ~13!

If we consider the nonrotating~i.e., G50) and nonaerody-
namic effect~i.e., U5e50), Rayleigh’s result is recovered.
Here, circulation has a destabilizing effect as indicated by the
positive sign on theG term. The faster the column rotates,
the more unstable it becomes. Increasing gas densitye serves
to aid in stabilizing the column circulation term, but destabi-
lizes the dominant aerodynamic (U2) term. Considering the
nonrotating case with an aerodynamic effect, Ponstein’s
equation~13! can be written as

v25
s

ra3 ~12k2a2!j
I 1~j!

I o~j!
1eU2k2

I 1~j!

I o~j!

Ko~j!

K1~j!
. ~14!

For j,1.0, it is known that I 1(j)/I o(j)'(j)/2 ~see
Pearson40!. Applying this identity, Eq.~14! is rewritten as

v25
s

2ra3 ~12k2a2!~j!21e
U2~j!3

2a2

Ko~j!

K1~j!
. ~15!

This result is exactly the same as the inviscid case of the
dispersion relation derived by Sterling and Sleicher.19

We have considered the rotating case~i.e., GÞ0) and
nonaerodynamic effect~i.e.,U5e50) in order to model that
the circulation around the rotating ring is the only source to
cause the instability,

v25F s

rar
3 ~12k2ar

2!1S G r

2par
2D 2G~kar !

I 1~kar !

I o~kar !
, ~16!

wherear is the ring radius. If we choose the nondimensional
parametersk* 5kar , G r* 5G r /Uar , v* 5va/U, and Wer*
5rU2ar /s, then the following expression is obtained:

v25F12k2

Wer
1S G r

2p D 2Gk I 1~k!

I o~k!
. ~17!

Note that nondimensional superscript, ( )* , is eliminated to
simplify notation. The expression accounts for capillary and
circulation-based instabilities. This expression is solved to
determine thek5kmax value attributed to the maximum
growth rate,v for a given ring geometry and circulation.
Since Ponstein’s analysis was conducted for a liquid column,
we assume that the thickness of the ring-shaped ligaments is
much less than the nozzle/jet radius~i.e., ar!a). This as-
sumption is confirmed from ligament sizes produced in the
calculations. Figure 4 illustrates how Ponstein’s equation is
applied to the vortex ring~annular ligament! with circulation
G r . The circulation,G r , takes into account the initial vortic-
ity in the ring of fluid shed from the jet periphery. This

FIG. 4. Application of Ponstein’s~Ref. 34! theory for the secondary insta-
bility of a pinch-off vortex-ring.

FIG. 5. Grid convergence study: Effect of nodal spacing,Ds, on surface shape.

TABLE I. Grid convergence test.

Ds N̄D /ring Stand. Dev. SMD/d ūD v̄D ŪD

0.050 10.07 4.68 0.0995 0.608 0.442 0.752
0.040 10.87 8.71 0.0962 0.689 0.430 0.812
0.030 14.20 11.33 0.0841 0.790 0.479 0.924
0.020 12.46 8.46 0.0729 0.770 0.419 0.876
0.016 10.44 6.65 0.0623 0.779 0.404 0.877
0.012 10.87 6.44 0.0588 0.796 0.411 0.896
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circulation is destabilizing for all wavelengths as indicated in
Eq. ~17!; solution of the equation indicates that circulation
leads to the formation of smaller droplets. Since each ring
formed from the nonlinear evolution is unique in size and
circulation, the overall effect of circulation is difficult to as-
sess. The relation between the circulation and the number of
droplets per ring is studied in Sec. V C below.

IV. MODEL VALIDATION AND CONVERGENCE
STUDIES

Hoyt and Taylor’s case is used for both the circulation of
Eq. ~9! and grid convergence study~i.e., We519057, r̄
50.99, andGv50.139). LetDs represent the grid spacing
for BEM nodes. While Hilbing28 mentioned thatDs50.300
is fine enough to resolve the low speed ‘‘Rayleigh’s
breakup’’ where waves are of length comparable to the ori-
fice diameter, much finer grid resolution is required for high
speed atomization where the wavelengths are comparable to
the boundary layer thickness at the orifice exit. For this rea-
son, the grid resolution for the present studies taxes the cur-
rent computational capabilities of even advanced Linux-

based compute clusters. In Fig. 5, it is shown that the axial
location for the first ring pinch-off is reasonably insensitive
to mesh spacing forDs,0.030.

However, grid function convergence studies indicate that
a smaller mesh spacing is required for the accurate prediction
of the droplet characteristics in the atomization regime.
About 3000–5000 droplets were collected for each run for
statistically reliable data; results for drop statistics are shown
in Table I. The Sauter mean diameter~SMD! ~drop whose
diameter replicates the average surface area of drops in the
population! is the most frequent measure used in the atomi-
zation field. Table I presents the number of drops per ring
(N̄D), its SMD ~nondimensionalized by orifice diameter!, di-
mensionless drop axial/radial velocities at the pinching event
(ūD / v̄D), and drop speed at the pinching event (ŪD). A
mesh spacing ofDs50.016 was selected as a reasonable
compromise between accuracy and runtime, i.e., the smallest
mesh spacing led to excessive runtimes.

A study was conducted to assess the sensitivity of the
surface evolution and droplet sizes to changes in the dimen-
sionless circulation derived in Eq.~9!. Figure 6 shows the
liquid jet surface at various circulation levels@i.e., C50.8,
1.0, and 1.2, whereDz5Clp of Eq. ~9!#. Results do show
changes in the surface evolution as this important parameter
is varied. Unfortunately, there are very few experimental ob-
servations save the Fig. 1 results that reinforce theC51
value chosen for the study. The jet surface is slightly differ-
ent at the different circulation level. However, Table II shows
that SMD/d results are independent of the constantC. This
indicates that the620% variation in G alone does not
change the SMD/d results significantly. While this is cer-
tainly an area warranting additional study, we chose theC
51 value for the remaining studies due to its basis in linear
theory and its success in explaining wavelengths observed in
the Hoyt and Taylor studies.

There is no distinct time to stop the simulation since the
jet can grow indefinitely depending on injection conditions.
For the simulations conducted to date, the time required for
the first pinching event is typically aroundt'1.7. We found
that collecting about 300–400 rings provides statistically re-

FIG. 6. Effect of circulation level,G, on surface shape att55.0.

TABLE II. Effect of the constantC of Dz5Clp on SMD/d: Collected data
up to t55.0.

C SMD/d ND N̄D /ring Stand. Dev.

0.8 0.0665 4142 10.31 7.4154
1.0 0.0655 5132 11.48 7.9848
1.2 0.0670 5700 11.54 7.7542

TABLE III. Effect of calculation time on droplet statistics.

t SMD/d ND N̄D /ring Stand. Dev.

2.0 0.0628 88 7.97 3.329
3.0 0.0623 856 10.44 6.665
4.0 0.0635 2582 11.08 7.936
5.0 0.0655 5132 11.48 7.985
6.0 0.0664 7956 11.32 8.218
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liable data. This would give roughly 3000–5000 droplets.
Thus we typically stop our calculation at aboutt'5.0. Table
III shows that droplet statistics change little whent.4.0.

V. RESULTS AND DISCUSSION

A. Simulation of Hoyt and Taylor’s case

The complete simulation of Hoyt and Taylor’s jet3 is
shown in Fig. 7. The jet structure is initially assumed to be a
simple cylinder with a hemispherical tip as shown in Fig. 2
and its evolution is simulated via time integration. A slight
‘‘swelling’’ is observed att51.0 and a fluctuation of the jet
surface is seen att.2.0. The velocities induced by the
bound vortex are large enough to destabilize the jet surface
resulting in primary atomization. It should be noted that most
liquid ligaments pinching from the jet surface are in the
‘‘roll-up’’ motion in the counterclockwise direction while the
mean velocity of the ligament is in the streamwise direction.
Similar structures are noted in Fig. 3~a! in a closeup view of
the Hoyt and Taylor experiment. The local surface from the
simulation is included in Fig. 3~b!. The mean velocity of
most droplets are in the streamwise direction as droplet mo-
tions propagate along with the main jet stream, the most
dominant convective source. The counterclockwise roll-up
motion is strong evidence that the boundary layer instability

is the fundamental cause of the primary atomization in this
experiment. The counterclockwise roll-up motion has not
been observed if the jet were turbulent~see Fig. 1 of Wu
et al.41! as this is presumed to lead to more complex three-
dimensional modes.

It is interesting to note that the liquid core appears natu-
rally as a consequence of the calculation. While the current
model is based on the axisymmetric formulation~2D!, the
real instability is three-dimensional~3D!. It is obvious that
the loss of liquid mass of the model prediction is noticeably
greater than that of actual 3D jet and, the liquid core forms
more quickly than would be observed experimentally. This
behavior is due in part to the fact that the model is inviscid
and that atomization processes tend to be slowed by the pres-
ence of liquid viscosity. Prior work42 has shown similar be-
havior for BEM simulations; for low speed jets, viscosity has
not been shown to play a significant role in droplet sizes.
Presumably, viscous interactions become more important as
smaller droplets are formed. More research is needed to
quantify the role of liquid viscosity in determining droplet
sizes for higher speed jets.

The modeling presumes that axisymmetric rings are in-
stantaneously fractionated into droplets per the instability
analysis of Ponstein. However, the experiment shows@see
Fig. 1~a!# that the primary instability undergoes the transi-
tional process to a 3D mode prior to the formation of drop-
lets. Nevertheless, the model predicts droplet diameters~i.e.,
d/10–d/20) which compare well with the experimental value
of d/15.5 measured by Hoyt and Taylor.

B. Effect of Weber number for fully developed flow

We may consider a very long pipe laminar flow with
constant diameter~i.e., l /d→`) which would result in a
fully-developed flow. In this case, the dimensionless velocity
profile would remain the same for all speeds. The jet speed
determines the regime of the jet instability because the mo-
mentum thickness is fixed~and therefore the dimensionless
circulation is constant! for all speeds. In this case, the Weber
number alone characterizes the stability of the free surface.

Eventually, the boundary layer instability disturbance
will result in jet breakup regardless of the jet speed. IfU is
small that We5100, the jet similar to Rayleigh’s breakup is
observed as shown in Fig. 8~note: no atomization is ob-
served for t,5.0). If U increases up to We51 000, the
boundary layer instability is more prominent and numerous
atomization events occur during the simulation. When We
510 000, the surface tension force is greatly reduced and
therefore the atomization events occur at a higher rate; a
similar pattern is observed for We5100 000.

In comparing these latter two cases in Fig. 8, similar
wave patterns are observed on the surface, but the higher
Weber number case experiences many more atomization
events and loses more mass. The droplet statistics~Table IV!
for these cases bear out this conclusion and the higher We
case does show smaller droplets. In addition, greater disper-
sion in droplet sizes are apparent at the higher speed

FIG. 7. Jet evolution for conditions consistent with Hoyt and Taylor’s ex-
periment~Ref. 3!. Annular ligaments which have pinched off from the do-
main are not shown to improve clarity.
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conditions because a greater range of ligament sizes are
pinched off in this case. Of course, secondary atomization
could alter droplet distributions as well; the reader should
keep in mind that these statistics are for primary atomization
only.

C. Effect of jet speed

In a fixed geometry orifice, changes in jet speed will
influence both the internal boundary layer characteristics and
the Weber number. Wuet al.41 provided both an empirical
model and experimental observations for the SMD empha-
sizing the role of turbulence in the process. Their model is
based on Kolmogorov length scale:43

SMD

lH
5

133

Wel ,lH

0.74 . ~18!

Wu et al.41 introducedlH5d/8 for ‘‘radial integral length
scales of the flow at the jet exit, based on measurements of
Laufer for fully developed turbulent piple flow cited
Hinze.’’ 44 Using this length scale, Wuet al.41 were able to
match their experimental data with the empirical formula
below:

SMD

d
5

77.5

Wel ,d
0.74,

SMD

d
5

46.4

We0.74. ~19!

Note thatd52a. Here SMD is defined as

SMD5
( i 51

ND Di
3

( i 51
ND Di

2 , ~20!

whereND is the number of droplet collected.
It is well known that the droplet size varies significantly

within the atomization regime. Wuet al.41 reported the drop-
let size variation withU for turbulent water jet into air. Hoyt
and Taylor’s experiment had been carried out for an orifice
pressure dropDP,60 psi; no result with higherDP is
reported.3,11,45However, we hypothesized the increase inDP
to 116 psi in order to project results for Hoyt and Taylor jet
up to U540 m/s. Figure 9 provides a comparison of these
calculations with the experimental data of Wu and Faeth and
Hoyt and Taylor. The figure also includes Brennen’s predic-
tion based on boundary layer instability mechanisms. At the
lower jet speeds near 20 m/s, Wu and Faeth’s data agree
quite well with the measurements of Hoyt and Taylor. The
calculations and Brennen’s theory also hold quite well in this
region. The calculations provide SMD values similar to
Brennen’s theory over the range of velocities studied thereby
highlighting the importance of the boundary layer instability
mechanism in laminar jets.

Our SMD results for Hoyt and Taylor’s case are approxi-
mately 90% of the primary instability waves as shown in Fig.
9 ~i.e., SMD50.9lp). Our conclusion of 0.9 scaling constant
is consistent with Hoyt and Taylor’s comparison; they too
found the actual droplet size was a bit smaller than the theo-
retically predicted primary wavelength. However, this corre-
lation is applicable for Hoyt and Taylor’s jet with the bound-
ary layer driven spray only. The scaling constant may vary
significantly depending on instability mechanism. For ex-
ample, Wuet al.46 showed that the scaling constant was 4.5
for the spray in the atomization regime for aerodynamically
driven spray. Generally, the scaling constant is less than

FIG. 8. Effect of Weber number on atomization of fully-developed jets.

TABLE IV. Effect of Weber number on drop statistics. Collected data up to
t55.0.

We SMD/d ND N̄D /ring Stand. Dev.

1 000 0.1034 1514 3.03 1.96
10 000 0.0733 5172 8.66 5.87

100 000 0.0507 18259 24.41 16.64
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unity for turbulent jets. It should be noted that there is no
direct proportionality as the ultimate drop size~which is de-
termined from the secondary wavelength,ls) depends on the
circulation, the size of the vortex ring, and the surface ten-
sion. For this reason, our ‘‘constant of proportionality’’ is
continuously changing with the conditions pertaining to each
individual ring. In Fig. 10, the number of droplets as a func-
tion of circulation for the Hoyt and Taylor’s case is shown.
The relation shows a parabolic behavior with the number of
droplets growing as the square ofG r . Significant scatter is
observed due to the range of ring sizes and initial conditions
brought about by the nonlinear jet evolution.

However, Wu and Faeth data show a significant depar-
ture to much smaller SMD values as jet speed is increased. In
fact, there is a very sharp drop in SMD nearU520 m/s with
the remaining data showing a more modest change with in-
creased speed. This behavior could possibly be attributed to a
turbulence transition; or the role of turbulence becoming an
important factor in this region. In later work47 Faeth’s group
reports a transition to turbulence between 16 and 26 m/s; in
the range where the dramatic changes in drop sizes occur.
Turbulent eddies could be interacting with the mean vorticity
produced in the boundary layer to effect the wavelengths of
instability and hence the drop sizes. To investigate this be-
havior, consider the radial velocity induced by a vortex ring.
Using the methodology described in Eq.~10!, the induced
velocity ~nondimensionalized by the mean flow velocity,U),
should scale as

v rv* }
Gv

d2
5

2p

0.175
, ~21!

wherev rv* 5v rv /U. In contrast, the dimensionless radial ve-
locity induced by turbulent eddys is known to be related to
the Reynolds number based on the momentum thickness:

v t* }
1

Red2

1/4, ~22!

wherev t* 5v t /U. In comparing these two velocities, other
researchers have noted the diminishing influence of turbulent
fluctuations as jet velocity is increased. However, another
way to think about this issue is that the turbulence can be a
dominant force in the growth of non-axisymmetric distur-
bances. In these circumferential modes, the bulk vorticity
imparted from the axisymmetric boundary layer plays at
most a minor role and the sole forces imparted to the surface
result from interactions with turbulent eddys and surface ten-
sion. Define a Weber number for this turbulence interaction:

Wet5
r~Uv t* !2d2

s
. ~23!

FIG. 11. The same case as Fig. 9, where Wet5(rU2d2)/(sARed2
). While

the Blasius solution is used to estimated2 for the Hoyt and Taylor jet~Ref.
11!, d2 for the Wuet al. data~Ref. 41! is analytically calculated using the
power-law~Ref. 44! fully developed turbulent velocity profile withn57.

FIG. 9. Sauter mean diameter comparison at various jet speed for boundary
layer instability jet and turbulent jet:r5999 kg/m3, s50.073 kg/s2,
dWu–Faeth56.40 mm, dHoyt–Taylor56.35 mm; ~dashed line! SMD5lp,B ;
~solid line! SMD/d546.4/We0.74 by Wu et al. ~Ref. 41! for the turbulent jet;
s, SMD from Wu ~Ref. 41! experiment for the turbulent jet;* , SMD from
Hoyt and Taylor experiment for the boundary layer instability laminar jet;
n, SMD from the model prediction for the boundary layer instability lami-
nar jet.

FIG. 10. Prediction of circumferential wave number~or number of droplet!
due to circulation around the rotating ring pinched-off from the main liquid
stream.
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Assuming the constant of proportionality in the expression
for v t* , Eq. ~22!, is unity this turbulent Weber number be-
comes

Wet5
rU2d2

sARed2

. ~24!

If Wet@1, we expect the dynamic pressure induced by tur-
bulent eddys to dominate over surface tension forces; if
Wet!1 we expect the opposite effect. However, one must
keep in mind that the scaling coefficient for the turbulent
velocity is in general not knowna priori.

Figure 11 depicts the Wu and Faeth data plotted on this
basis, showing an abrupt change in droplet sizes near a
threshold of Wet'20. Certainly, it would be beneficial to
obtain additional data to confirm this threshold; in particular
experiments that quantify turbulence intensity levels would
be most beneficial in providing a better quantitative assess-
ment of Wet . At the moderate speeds of the Hoyt and Taylor
jet11 turbulence plays a minimal role on the initial instability.
The inviscid instability is the fundamental linear mechanism,
while turbulence can affect the nonlinear evolution. If turbu-
lence effects were greater, the boundary layer waves near
nozzle exit would have not been visible; the inviscid insta-
bility would have already caused the turbulence before the
flow exits the orifice. However, the turbulence in Hoyt and
Taylor’s jet does eventually appear subsequent to the transi-
tional flow ~see Fig. 1!. While the primary boundary layer-

FIG. 12. Transformation of the primary waves into secondary waves due to the competition between the surface tension force against the vorticity arising in
azimuthal direction.

FIG. 13. Effect of jet speed on jet surface structure of Hoyt–Taylor’s jet.
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generated waves propagate axially, the axisymmetric waves
fragment into the number of droplets due to the competition
between the surface tension force and the vorticity trans-
formed ~or propagated! into the azimuthal direction as de-
picted in Fig. 12. This three-dimensional phenomenon indi-
cates that the substantially reduced turbulence fluctuation in
the converging nozzle eventually appears and plays an im-
portant role in causing the nonlinear evolution azimuthally;
‘‘the secondary instability for primary atomization.’’

Figure 13 provides a comparison of computed jet sur-
faces for three different jet speeds. We regret that we cannot
consider a larger range of speeds in that computational limits
preclude the resolution required for speeds greater than 40
m/s. The higher speed jets are subject to a larger number of
atomization events, but the total ejected mass is actually
larger for the lower speed case as indicated in the figure. The
larger wavelength instabilities at the lower jet speeds leads to
greater overall deformations of the jet surface and greater
penetration into the ‘‘core’’ region of the jet. The droplet and

ring formation statistics for the three cases shown in Fig. 13
are summarized in Fig. 14. The total number of droplets,
ND , number of drops per ring,ND/ring, and its standard
deviation all tend to increase with increasingU. These re-
sults are consistent with the Weber number trends shown in
the last section as at higher Weber number a larger range of
wavelengths are unstable so that greater variability in drop
sizes is possible.

D. Effect of orifice length

For a fixed pressure drop, changing the orifice length
( l /d in dimensionless sense! is essentially the same as
changing the boundary layer thickness. The effect ofl /d for
the jet breakup has been investigated by many
researchers.9,19,48–50For the Rayleigh and first wind-induced
regime (Weg5rgU2d/s,2.55), Sterling–Sleicher’s experi-
mental data shows that the breakup~or jet! length, L, de-
creases with increasing nozzle length,l . This indicates that
the velocity profile with thicker boundary layer breaks up
faster due to larger wavelength instabilities convected into
the free surface.

For the second wind-induced regime, McCarthy and
Molloy50 also investigated the effect ofl /d on the atomiza-
tion mechanism as shown in Fig. 15. The jet surface is
shown up to 70 diameters downstream while jet speed re-
mains constant. A 60% glycerol and 40% water mixture was
used, resulting in We5781, Red54750, and Weg518.7 for

FIG. 14. Effect of jet speed on drop statistics.

FIG. 15. McCarthy and Molloy’s experiment~Ref. 50! for l /d510, 5, and
1: The most dominant wavelength is highlighted for each case. Printed under
the permission of Elsevier Science.

FIG. 16. Liquid: 60% glycerol and 40% water by weight,r5103 kg/m3 ,
m511 cP, s50.0669 kg/s2 , U520 m/s , d52.54 mm, We5781, Re
54750. Comparison between experiment~Ref. 50! and model results. The
black circles represent the location and the relative size of the pinched-off
droplets. Printed under the permission of Elsevier Science.

TABLE V. Summary for McCarthy and Molloy’s experiment~Ref. 50!.
~Note: Blasius solution is used ford1 andd2 estimation.!

l /d Rex
a d1 /d d2 /d Red2

f b ~Hz! lp
c lp,exp

1 4748 1/40.04 1/103.8 46 22758 d/2.9 d/2.8
5 23738 1/17.90 1/46.41 102 10178 d/1.3 d/1.4
10 47477 1/12.66 1/32.82 145 7197 1.1 d 1.0 d

aWhere Rex5Ul/n.
b,cf 5 gU/2pd2 andlp' U/ f .

57Phys. Fluids, Vol. 16, No. 1, January 2004 Nonlinear atomization model

Downloaded 11 Dec 2003 to 134.253.26.12. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp



l /d50, 1, 5, and 10. These conditions place the flow in the
lower part of the second wind-induced regime. Results in
Fig. 15 show a wrinkled jet for the lowl /d51, with the
higher l /d cases showing atomization. The wavelengths of
the instabilities increase withl /d as does the thickness of the
boundary layer.

In Fig. 16~a!, the backward-leaning wave structures also
observed by Hoyt and Taylor are prominent. A calculation
was performed for this case and the results are shown in Fig.
16~b! showing similar behavior. Even though this case lies in
the second wind-induced regime in which gas pressure varia-
tions on the surface are known to play a role, it appears that

the boundary layer instabilities are dominant since the model
does not include the influence of gas pressure. This observa-
tion is important in that the role of the boundary layer is
often neglected by researchers in favor of concentrating on
the influence of gas properties. Vorticity convected into the
free surface represents a large nonlinear disturbance for high
speed jets.

McCarthy and Molloy’s experiment is summarized in
Table V, which shows an excellent agreement between the
wavelength predicted by Brennen’s boundary layer analysis
and the experimental results. This comparison provides fur-
ther evidence of the importance of the boundary layer insta-
bility mechanism.

The model was used to simulate the effects of changes in
orifice length by consideringl /d51, 2, and̀ using the flow
conditions consistent with Hoyt and Taylor’s experiment as
shown in Fig. 17. Only the boundary layer thickness changes
while everything else remains constant~i.e., We519057 and
Red5Ud/n51.123105). Figure 18 shows the computed jet
surfaces at two instances in time. It is evident that the larger
wave instabilities associated with the higherl /d nozzle leads
to significantly more atomization and erosion of the liquid
core. Hiroyasuet al.48 ~i.e., water jet into air! measured de-
creases in intact core length with increasedl /d; a result in
agreement with the trends shown in our analysis. Figure 19
highlights the ring pinching events for each of the three cases
studied. It is evident that more atomization~ring pinching!
events tend to occur with an increasedl /d. Table VI summa-
rizes drop statistics from the three calculations. Here, there

FIG. 17. Pressure distribution and assumed nozzle geometry~Ref. 11! for
nozzle length studies. Note that ‘‘Case-3’’ is the fully-developed flow~i.e.,
l /d5`).

FIG. 18. Jet surface profiles at different times for three differentl /d values.
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appears to be no major trend in drop sizes withl /d. Similar
conclusions were noted by previous researchers.48,49

VI. CONCLUSIONS

An axisymmetric model based on a boundary element
formulation is used to simulate nonlinear primary atomiza-
tion processes attributable to vorticity convected from the
orifice boundary layer to the free surface. A ring vortex,
whose strength and location are uniquely determined by the
boundary layer characteristics at the orifice exit, is used to
account for vorticity convected toward the free surface. A
linear instability analysis due to Ponstein is used to predict
the fractionization of rings of fluid shed from the periphery
of the jet thereby providing a mechanism to predict droplet
size distributions from first principles without the aid of em-
pirical constants.

The model shows good agreement with surface charac-
teristics and droplet sizes for laminar jets; turbulence appears
to alter the three-dimensional evolution and reduce droplet

sizes from those predicted with the model. At low Weber
numbers, wrinkled jets are simulated and higher Weber num-
bers lead to smaller drops and greater dispersions in drop
statistics as observed experimentally. The boundary layer
thickness at the orifice exit plane is shown to have significant
impact on the results with thicker boundary layers~consis-
tent with longer orifice passages! leading to increased atomi-
zation with only minor changes in droplet sizes.
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APPENDIX

Figure 20 highlights the applicable geometry required to
compute velocities at a ‘‘field point,’’z,r subject to a ring
vortex located at a pointzi ,r i . Traditionally,51 the velocities
induced from this flow are computed from the stream
function17,25,51,52c :

c~z,r !5
G

2p
Ar i r F S 2

Am
2AmD K~m!2

2

Am
E~m!G ,

~A1!

where m54rr i /a and a5(r 1r i)
21(z2zi)

2. Here, the
strength of the vortex isG and the functionsK(m) andE(m)
represent complete elliptic integrals of the first and second
kind, respectively,

FIG. 19. Jet surface shape and atomization locations att55 for three dif-
ferent orificel /d values.

TABLE VI. Model predictions for different boundary layer. Collected data up tot55.0.

Case l /d d1 /d d2 /d SMD/d ND ūD v̄D N̄D /ring Stand. Dev.

1 1.0 1/200 1/518 1/15.27 5132 0.809 0.424 11.48 7.98
2 2.0 1/141 1/367 1/15.19 5879 0.817 0.428 11.59 8.25
3 ` 1/6 1/24 1/14.81 8133 0.811 0.457 11.69 8.40

FIG. 20. A schematic of vortex-ring geometry for computing induced ve-
locities at arbitrary field points.
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K~m!5E
0

p/2 1

A12m sin2 f
df,

E~m!5E
0

p/2
A12m sin2 f df. ~A2!

The velocities can be determined in a standard fashion by
differentiatingc :

uz5
1

r

]c

]r
, ur52

1

r

]c

]z
. ~A3!

The classic texts from Lamb,52 Batchelor,51 and Saffman17

do not carry this analysis beyond this point. Ramsey25 pre-
sents approximate results for only the axial velocity,uz . The
complete solution is presented as follows:

]c

]z
5S G

4p

z2zi

Aa
D Fc1K~m!1c2

dK~m!

dm
1c3

d2K~m!

dm2 G ,
~A4!

]c

]r
5S G

4p

r 1r i

Aa
D Fd1K~m!1d2

dK~m!

dm
1d3

d2K~m!

dm2 G ,
~A5!

with the following coefficientsc12c3 andd12d3 :

c15m1
4B

a
, c254m~m21!1

4B

a
~9m24!,

c35
16B

a
m~m21!, ~A6!

d15m1r, d254m~m21!1~9m24!r,

d354m~m21!r, ~A7!

where

r5
4r i

~r 1r i !
1

4B

a
, B522rr i . ~A8!

At the centerline, the radial location of the field point is
zero which leads to a singularity in Eq.~A3!. In this case,
however, the integrals of the Biot–Savart law can be inte-
grated analytically the result of which is

uz5
G

2

r i
2

@r i
21~z2zi !

2#3/2 ur50, ~A9!

which agrees with the prior results of Robertson53 and Dun-
canet al.24
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